Chin. Ann. of Math.
22B: 1(2001),1-22.

ENTROPY SOLUTIONS FOR FIRST-ORDER
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TO A BILATERAL OBSTACLE
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Abstract

This paper is devoted to the existence and the uniqueness of the entropy solution for a
general scalar conservation law associated with a forced bilateral obstacle condition in a bounded
domain of RP, p > 1.

The method of penalization is used with a view to obtaining an existence result. How-
ever, the former only gives uniform L°°-estimates and so leads in fact to look for an Entropy
Measure-Valued Solution, according to the specific properties of bounded sequences in L*°. The
uniqueness of this EMVS is proved. Classically, it first ensures the existence of a bounded and
measurable function U entropy solution and then the strong convergence in L? of approximate
solutions to U.
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¢1. Introduction

1.1. Physical Motivations

A.Bensoussan & J.L.Lions[®! have first introduced obstacle problems for first-order hyper-
bolic operators, as part of the study of cost-functions associated with deterministic processes.
Since then, numerous researches have been carried out on this matter. Among such works,

we can quote those of J.I.Diaz & L.Veronl®!

, using the properties of nonlinear semigroups
of contractions in L', or L.Barthelemy’s [2] referring to nonlinear subpotential operators.
In [11], F.Mignot & J.P.Puel have developed the method of penalization for linear varia-
tional and quasi-variational inequalities. This very technique is used in [8] for the Dirichlet
problem when it comes to a nonlinear operator related to a unilateral constraint.

This paper deals with the non homogeneous Dirichlet problem for a general scalar con-
servation law associated with a bilateral forced constraint. The physical motivations of such

a study are diverse as soon as one is interested in the evolution of a heterogeneous phase
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through porous media. For example, in the hydrological field, within the context of the re-
search on liquid transfers through the soil, we are interested in the evolution of any effluent
¢ within the flow of various substances moving in the subsoil. The first simplified modelling
consists in taking into account but one phase saturating the soil, made of two components
without any chemical interactions : water and the component c. Given that the distribution
of temperatures T' and the pressure field P of the fluid phase are determined, sufficiently
smooth functions, the transcription of ¢’s mass conservation law provides the equality ruling
the component ¢’s mass fraction w, :
FILIOR (ﬁp —p(T, wc)f]’) =0. (1.1)
,U(WC)
In the latter equation, k(x) denotes the absolute permeability at the point x, u being
the dynamic viscosity of the fluid phase and p (T, w.) its voluminal mass, defined by the
composition w, at the temperature T'. Lastly, ¢ is the gravity acceleration vector. Moreover,
depending on the geological nature of the subsoil, the molecular diffusion-dispersion effects
have been neglected in favor of the transport of effluent ones. Furthermore, w, must satisfy
the bilateral obstacle condition :

010 (T (t,2), P (t,2)) < we (t,2) < Ose (T(t,2), P (t, 1)), (1.2)

where 61 . (T (¢t,z), P (t,x)) and 02 . (T (t,x), P (t,x)) are two extreme saturation points at
the temperature 17" and for the presure P. Indeed, beyond these values, the appearance of a
new phase (liquid or solid) for the same number of components changes the thermodynamical
nature of the considered system and this latter can not be described through the simplified
continuity equation (1.1).

1.2. Mathematical Formulation

Regarding the first stage in the study of the equation (1.1) related to the bilateral con-
straint (1.2) and to a Dirichlet boundary condition, a change of variables by translation
reveals a new unknown as well as a first-order hyperbolic operator including a reaction term
depending on the lower obstacle. So the next operator is considered :

p
H(t,2,.) tu— u+ Y O, (f () Bi (t,2)) + g (t, 2, u),
i=1
where only the dependence on u is taken into consideration in the transport and reaction
terms.
Then, the model problem is the following : given that ug, u? and 6 such that 0 < vy <
6(0,.) a.e. on Q, 0 < uP <@ ae. on]0,T[x 99, where  is a subdomain of R?, 1 < p and
0 < T < 400, find u satisfying the formal free boundary problem (P) :

0<u<inQ=10,T[xQ, (1.3)
H(t,z,u)=0in {(t,z) €Q, 0 <u(t,z) <6(t,z)}, (1.4)
u(t,o) = u® on a part of £ =)0, T[ x 99, u(0,.) = ug in Q.

The method of penalization is applied with a view to obtaining an existence result for
the problem (P). Hence, for each value of the parameter n > 0 (intended to tend to zero),
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one considers the weak entropy solution of the penalized problem (P)n’ resulting from the
works of C.Bardos, A.Y.LeRoux & J.C.Nedelec!!! : find a bounded function u, with bounded
variations on () such that

1
H (¢, 2, uy) + 56 (t,z,uy) =0in Q, (1.5)
Uy = u? on a part of ¥, Uy (0,-) = up in Q,

where § (t,x,u) = —u~ + (u — 6 (t,x))* . The equality (1.5) characterizes the penalization
of (1.4) and the free boundary problem (P) is regularized by adding a term which becomes
dominating when 7 goes to 0F.

We look for estimates of u,, which are independent from 7. The well-known irregularity of
the solutions to nonlinear first-order hyperbolic problems let one think that such estimates
must be searched in the space BV(Q)NL* (Q) of bounded functions with bounded variations
in ). But since the penalization operator 3 (-, -, ) depends on time and space variables, the
classical methods used (see e.g. [7] or [8]) even permit to estimate the uniform bounds of
Uy. S0, to pass to the 7-limit in the nonlinar terms of H (-, -, -) we must precise some specific
properties of bounded sequences in L*°.

1.3. Some Reminders on Bounded Sequences in L*

Let O be an open bounded subset of RP*! and let (uy), .y be a bounded sequence
in L>® (O). Since the works of L.Tartar('®, it has been possible to specify the behavior

of the sequence (f (uy)) for all continuous functions f on R. The proof is based on

neN?
the properties of weak-x topology on the space of Radon measures. Moreover, it uses the
” disintegration” of a Young measure with respect to the Lebesgue measure on RPT1, All
those results lead to the next compacity result :

Property 1.1. Let (uy), oy be a sequence of L> (O) such that
IM > 0,Yn €N, [luy |, < M.

Then, there exists a subsequence, still denoted by (u,) extracted from (un),cn and

neN»
(Vw)weo @ family of probability measures on R with a support in [—M,M], such that,

for all bounded Caratheodory functions ¥ on O x [—M, M|, the sequence (¢ (-, up (+)))
converges in L (O) weak-x towards the element :

w—>/¢(x,)\) dvy (N) .
R

The map v : w — vy, is called “Young measure associated with the sequence (un),cy” and

neN

its “disintegration” with respect to the Lebesgue measure on R is given by the relation
dv (A, w) = dvy, () dw.

Such a result has found its first application in [13] within the context of the approxi-
mation of a first-order quasilinear equation through an artificial viscosity method. In [4],
R.J.Diperna studies the propagation by a scalar conservation law of a Dirac initial datum
and introduces the notion of “admissible” (or entropy) measure-valued solution. In the sense
of this formulation, the Young measure v related to the sequence of approximate solutions
(ue), is an admissible measure-valued solution which is reduced to a Dirac mass at ¢t = 0.



4 CHIN. ANN. OF MATH. Vol.22 Ser.B

So, by demonstrating that v is also a Dirac mass solution, some general considerations prove
that the bounded sequence (u.), strongly converges in L7, 1 < ¢ < 400, to the point of con-
centration of v. Namely, it establishes the existence of a bounded and measurable function
u such that dvy, = dy () a.e. w in O, where ¢, is the Dirac mass centered on the point 2.

This reasonning has especially been applied to the numerical analysis of transport equa-
tions. Indeed, it is well-known that most numerical schemes (e.g. Finite Volume Scheme)
only give an L>°-estimate uniformly with respect to the mesh length Ax of the approximate
solution ua,. In order to take the limit when Az goes to 0", we are led to introduce the
notion of measure-valued solution (or entropy process solution!®).

Initially used in the case of the Cauchy problem, those methods can be adapted to the situ-
ation of a non homogeneous Dirichlet boundary condition, since the notion of measure-valued

solution has been extended to bounded domains of R? by A.Szepessy['? and G.Vallet!!4.

1.4. Entropy Measure-Valued Solution

On the one hand, in the case of a general first-order quasilinear equation, it is classical to
introduce the notion of an entropy solution. This criterium - which warrants the uniqueness
- selects, through all the weak solutions (i.e. in sense of distributions on @) the most
physically acceptable one as soon as some discontinuities appear. Moreover, it is a fact that
if the initial datum is bounded, so it is with the solution to this kind of equation, under
some assumptions on the source term; but the introduction of a constraint on the initial
datum does not a priori pass on to the solution (some behavior and stability properties with
respect to the associated control in the case of the Cauchy problem on RP can be found in
[9]). That is why we need an entropic formulation allowing for this constraint.

On the other hand, one of the major difficulties linked to the notion of measure-valued
solution is to define its behavior on the boundary of the studied field. Given this definition,
we must reformulate the boundary conditions by copying the one that has been provided
by F.Otto in [10], for the most regular case in which a bounded solution u can be found.
For this purpose, we will take advantage of the fact that if an entropy inequality is satisfied
inside an open subset, then it is possible to define some integrals on its boundary, through
a judicious change of variables.

Firstly, let us describe the behavior of a Young measure associated with the sequence
(un)n>0 inside the open subset Q. To clarify the writing, we note in the rest of this paper :

F(t,2,u, k) = sign (u— k) [f (u) = f (k)] B (t,2),
G (t,xz,u,v) = sign (u — v) [ﬁ (f( ) B (t, )) +g(tz u)—i—(’?tv},
Ltz u,k,v) = |u—k|dw+ F (t,z,u,k) - Vo — G (t,z,u, k) v

Thus, according to the definitions given in [9] for the Cauchy problem, we say

Definition 1.1. A Young measure v is called an entropy measure-valued solution (emuvs)
to (1.3) and (1.1) if and only if

Supp (dv(i ) C (0,6 (t,z)] for a.e.(t,z) in Q, (1.6)
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and for all positive functions & of H} (Q), for any real number k of [0,1],

L(t,x,\ kO (t,x),8) dv z) (A) dedt > 0. (1.7)
QxR

In order to formulate the initial condition in L' (Q) within the context of a measure-valued
solution, one may notice that

Property 1.2 (Initial Condition). Let v be an emws to (1.3) and (1.4). Then, for all
positive functions ¢ of L' () and all functions w of L™ (),

t—0+

lim ess/ AN —w (x)0(t,7)| Cdv,q) (N) do exists.
QxR

Proof. As in [14], considering in the entropy relation (1.7) the test-function & (t,z) =
@ (t) ¢ (), where ¢ and ¢ belong respectively to D4 (0,T) and Dy (). The inequality
obtained in this way proves that the bounded function

RSt — A — k0] ¢ () dvp ey () da
QxR

has a bounded variation on [0,T]. So, it is meaningful to consider its essential limit when
t goes to 0F. Moreover, ¢ — h®¢ (t) is a continuous linear map, uniformly with respect
to t. Then, a density argument leads to the existence of this essential limit for all positive

functions ¢ of L (Q). Now, let w,, = >_ k;lg, be a simple function on Q where k; belongs
i=0
to Q and (Bi)ie{L--- m} is a Borelian partition of Q. Then,

/ |)\ — wm9| Cdl/(t’m) ()\) dr = Z/ |)\ — kl9| ]IBing(t,z) ()\) dx.
QxR i—1 Y QOXR

Consequently, the essential limit of h*¢ (t), when t goes to 07, exists for all positive func-
tions ¢ of L' (2) and for all simple functions w on  with values in Q. Lastly, it can be
extended to all functions w of L (§2), since w can be considered as an L> (Q2)-limit of such
a simple function’s sequence and since, for all w and @ of L™ (Q), [h*¢ (t) — h™¢ (¢)| <
(€01 11 (o) llw — @[ oo () » independently from ¢ in [0, 7.

Now, we have to give a sense to the trace of a Young measure v on I'. Let us come back to
the idea introduced by A.Szepessy[!'?l and let us denote H? is the p-dimensional Hausdorff
measure on Y.

Definition 1.2. Let € be a strictly positive real number and let v be some Young measure
with support in [—M,M]. We consider the change of coordinates x — (o,7) for © in a
neighborhood of T :

x=0—71i(0),

where (o,7) belongs toI' x]0,¢[. We denote by J (o, 7) the Jacobian determinant associated
with this change of coordinates.

Then, there exist a sequence (7;),cy in |0, €[ which tends to 0T and a Young measure p
on I, called a Young measure trace on 3 for v, described by its disintegration form :

du (t,0,A) = dufy o (A) dHP,
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where dué‘ is a family of probabilities on R with support in [—M, M), such that,
1141}1 //¢ (t,0,A) vz, ) (N) J (0,73) dHP =/ /7/)(t707)\) du(t,o,N)
1——+00 » R

for all bounded Caratheodory function b on 3 x R.

Then, the behaviour of an emvs in the neighborhood of the boundary I' can be described
through the next statement:

Property 1.3 (boundary condition). Let v be an emuvs to (1.4) and (1.3) and let p1 be
a Young measure trace related to v. Let us denote T = x4 ;). Then, for all positive functions
¢ of LY (X) and for all functions w of L> (X),
lim ess/ F (t,z,\w(t,o)0(t,z)) 1iCdvyz () J (o,7)dHP

xR

T—0t

:/ F (t,0,X\,wl) -7 Cdp (t,0,)) .
YxR

Proof. The idea is the same as that already developed in the proof of property 1.2: one
considers in the entropy inequality (1.7) the test-function & (¢,x) = ¢ (1) ( (¢,0), where ¢
and ¢ belong to D4 (0,¢) and D4 (X). Then

/Egp(T) {IA = k6 (t,2)| 9:C (t,0) + F (1,2, A\, k0 (¢, 7)) - VC (t,0)
0 xR
(t,

— sign (A — k0 (t, 7)) G (£, 2, \, k0 (t,2)) C (t,0)} dve ) (N) J (0, 7) dHPdT

> / o' (1) ﬁ(t, T, kO (L)) (o) dvy g (N) J (o,7) dHPdT.
0 ExR

The same arguments as before lead to the existence of the essential limit, when 7 goes to

0T, of the function
hC (T) = F(t, 7, \wl (t,7)) .7 (t,0) dvgzy (A) T (0,7) dHP
xR
for every positive function ¢ in L! () and for all simple function w on ¥ with values in Q.
Moreover, since f is continuous, one has
lim ess < (7) = / Flto\w(t,0)0(t0)) i (to) du(t,o, ).
T—0F TxR

Let w be an element of L> (¥) and let (wpm),,cy be a sequence of simple functions with
values in Q that converges a.e. and in L*° (X) to w. Then w and w,, are bounded a.e. by
the same constant, independently from m. Let € be a strictly positive real number. Since
(W) men converges uniformly to w on X, for m large enough one has

B (7) = o ()| < O sy

where C** is a constant independent from any parameter (m or 7). Thus, h%™¢ () converges
to h"¢ (1) as m goes to infinity, uniformly with respect to 7. So, the essential limit of
h*¢ (1), when 7 tends to 0%, can be extended to all positive functions ¢ of L' (¥) and to
any function w of L™ (X).

Remark 1.1. A Young measure trace p corresponding to v is not unique but the value
of the integral [y, o F'(t,0, A\, w) .7 () du(t,0,)) is the same for all Young measure traces
u associated with the emvs v and for all w of L™ (X) (see [12]).
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Within the framework of the study of first-order quasilinear conservation laws, it is well-
known that the boundary conditions can be included in the entropy inequality and are
formulated by choosing a particular test-function. Here, we have chosen a mathematical
formulation for (P) by dissociating the behavior of a measure-valued solution v inside the
open subset @ (via the definition of an emvs) and on its boundary (by introducing a Young
measure trace u related to v and by translating F.Otto’s formulation of Dirichet boundary
conditions'”) into the language of measure solutions). Hence we give the following definition.

Definition 1.3. A Young measure v is called an Entropy Measure- Valued Solution
(EMVS) to (P) if and only if it is an emwvs to (1.3) and (1.4) and if the boundary
conditions are fulfilled in the following sense : for all real numbers k of [0, 1], for all positive
functions ¢ of L* (X) and < of L* (Q), for all Young measure traces p on ¥ related to v,

—/ F(t,0,\k0) - 7t Cdp (t, 0, \)
xR

g/ ﬁ(t,a,)\,uB)-ﬁ(du(t,a,/\)—/ﬁ(t,a,k@,uB)-ﬁ(de. (1.8)
xR P
lim, ess / A — uo (2)] < diemy (A) da = 0. (1.9)
t—0+ Q

In paragraph 2, we are going to prove the existence of an EMVS v to (P), through the
penalization method. Nonetheless, in order to demonstrate the uniqueness of v and establish
some sensitivity properties with respect to the initial and the boundary conditions, a global
weak entropy formulation on Q U X is necessary. Thus, let us note that the next equivalent
definition holds.

Theorem 1.1. A Young measure v is an EMVS to (P) if and only if it fulfills the
constraint on the support (1.6) and if for all real numbers k of [0,1], for all positive functions
€ of H* (Q), for all Young measure trace u on X related to v, the following relation holds:

L(t,x, N\ k0,&) dv(s gy () dedt + / |ug — k6 (0, )] £(0, ) dx
QxR Q
> —/ F(t,o,\uP) - @ &du(t,oN) +/ F (t,0,k0,u?) - 7€ dHP.
UxR s (1.10)

Proof. (i) Clearly, if v is an EMVS to (P), then it is an emvs to (1.3) and (1.4).
Furthermore, in order to establish the boundary condition (1.8), let us consider ¢ an element
of D4 (0,T), ¢ a positive function of L! (¥) and let ¢,,, be the Lipschitzian approximation of
I, defined for an m large enough by ¢, () = min (mr, 1), with Z = x(, - in the coordinates
(0, 7) introduced in the Definition 1.2. Thus, we choose in the entropy inequality (1.7) the
test-function

§(t,7) = (1= om (2) @ (t)C (o).

This leads to consider the next integral :

1/m .
m / / F (8,2, A k0 (1,2)) - 71C dve.z) (\) T (0, 7) drdH?,
0 YxR

whose limit, when m tends to infinity, is obtained by referring to Property 1.3.
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The initial condition (1.9) is treated in the same way as in R.Eymard, T.Gallouet &
R.Herbin’s [6] through the one of S.N.Kruskovl”): let 7 be an element of ]0, T, let ¢,, be a
regular approximation of 1 — o (. Let ¢ be a function of Dy (2) and p,; be the standard
mollifer sequence (see Section 3, § 3.1). We choose in the entropy inequality (1.10) the
test-function

£(0.) = <) o= ) o () and k= k) = { Fo3F E0(00)>0
, else.
That way uo (y) =k (y) 6 (0,y) for a.e. y in Q. The relation (1.9) is obtained by integrating
with respect to the variable y and by taking successively the limit when m and [ tend to
infinity.

(ii) Conversely, let ¢ be an element of Dy (Q) and ¢ a positive function of Hg (Q2)NL*> ().
For all m of N, we introduce ¢,, the Lipschitzian approximation of Ijo 7 given by ¢, (t) =
max (0, min (mt, m (' —t),1)). We consider in the entropy inequality (1.7) the test-function
E(t,x) = ((t,x) ¢ () om (t). Hence we have the next relation:

1/m
L(t,x, A\ k0,(D) 0m dv (s z) (N) dedt > —m/ / CPHIN — kO dv g 2y (N) dadt.
QxR 0 QxR

Let us denote by I,,, the right-hand side integral in the previous inequality. Then, there
exists a constant C, independent from m, such that

‘Im+m/01/m/QC(O,x)¢|uo—k0(0,x)| dxdt‘

<Cm / " /Q {160,001 +10(0,) =02, + / A~ ol dvy ey (V) bl

That way, according to the definition of the initial condition (1.9) and to the regularity
of the functions ¢ and fwhen m goes to infinity. Thus, for all functions ¢ of Dy (Q) and all
¢ elements of H} () N L> (Q),

L(t,x, A\ k0,(P) dvy ) (N) dxdt > —/ ¢(0,) lug — kB (0, z)| pdzx.
QxR Q

Let us now assume that ¢ is the Lipschitzian approximation of I defined for an m large
enough by ¢ (z) = min (m7,1), with Z = x(, ) in the coordinates (o, 7) introduced in
Definition 1.2. This leads to consider, as previously, the following term:

1/m .
m / / F (8,2, \ k0 (1,2)) - i1C dve.z) (N) T (0, 7) drdH?,
0 YxR

whose limit, when m tends to infinity, is obtained by referring to Property 1.3.
Finally, for any function ¢ of D (Q),

L(t,x, A k0,Q) dv 5y (A) dedt
QxR

z/ F (t,z,\, k6) .ii¢ du (t,a,)\)—/C(O,.) luo — k6 (0, .)| dz.
YxR Q

By density, this inequality is still true for all positive functions ¢ of H! (Q) and to complete
the proof, we only need to refer to boundary conditions (1.8).
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§2. Existence Result

We decide to adapt the concept of measure-valued solution to the situation where the

approximating sequence (u,) is the sequence of weak entropy solutions of penalized

n>0
problems [(P)n} o So, with a view to applying Property 1.1, we look for an estimation
of the L*° (Q)-boundaries of u,, independently from 1. Moreover, to ensure that a Young
measure associated with (uy),  satisfies the constraint (1.3), it is necessary to establish
an estimation of the penalized term in (1.5). Both results are obtained by introducing the
viscous problem corresponding to (77)17 and by using the convergence properties of viscous
solutions to the weak entropy solution of (77)77 . So, in the rest of this paper, we assume:

(i) f (resp. g) is a C?-class function on R (resp. C’-class on @ x R). In addition one
supposes that f (resp. g) is Lipschitzian on R (resp. Lipschitzian with respect to the third
variable, uniformly in (¢, x)).

(i) # and B;, i =1,---,p, belong to W1+ (Q); 6 > 0 a.e. on Q.

(iii) uB € L (%), 0 <uP <O in %, ug € L (), 0 < up <0 (0,-) in Q.

Particularly those hypotheses guarantee the existence of the quantity M (¢) defined for
all real numbers ¢ of [0,T] by

C
M (1) = [[uo| oy €+ G (e = 1), (21)
1

where C; is the sum of the Lipschitz constants of g (¢,2,u) and f (u) 0., B; (t,x) for all i of
{1,---,p}, with respect to the variable u.
Furthermore Cy = max_|g (t,2,0) + f (0)V - B (t,z) .
[0,T]1x2

Thus, according to the works of C.Bardos, A.Y.LeRoux & J.C.Nedelecl, we have

Theorem 2.1. For each value of the parameter nn > 0, the penalized problem (”P)77 has a
unique weak entropy u, in BV (Q)NL> (Q). This solution is the L? (Q) and C ([0,T]; L? (Q2))
of the diffusion

problems {(77)E n} o defined for each value of € > 0 through the non homogeneous Dirichlet
le>

-limit, 1 < p < 400, when € goes to 0T, of the solutions’ sequence (ue,n)€>0

problem:
Find ue,, in H' (Q) N L™ (Q), such that

1
H(t, 2, te,n) + =By (6,2, U ) = €Aucy ace. on Q, (2.2)
n
Uey = uf a.e. on X, Uey (0,.) = ug,y a.e. on
where uf and g, are respectively the standard regularisations of uP and ug by means of

mollifer sequences indexed on the penalization parameter . Moreover, 3, is obtained through
B by changing 6 in its spatial reqularisation 6.

2.1. The Study of the Penalized Problem

Through an L'-truncature method and by using the monotony of the penalized operator
B (t,x,u) with respect to u, we establish that the solution of (P)
principle:

¢ Verifies the maximum

[y (t,2)| < M (t) ae. in Q, (2.3)
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where M (t) is given by (2.1).

Now we look for an estimation of the penalized term in (2.2). Again, L!-truncature
arguments are developed by first considering the L?(Q)-scalar product between (&), and
signa(—ue,y)e, where p € C2 (Q) and signx( - ), A > 0, is the odd approximation of the
function sign(-), defined for all positive real numbers « through signy (z) = min (£,1) .

Let I (u) = [, signx(7) dr. The Green formula leads to

1

—/(—ue,n)sigm(—ue,n)@dmdt
nJaq

= —e/ ﬁueyn . ﬁ(sigm\(—ugm)) pdrdt — e/ ﬁb\(—ueyn) -V dadt
Q Q

+ </Q I)\(_uem)at@dwdt - ~/Q {g(ta x, ueﬂ)) + f (0) ﬁ ' g} Sign)\(_uem)@dxdt
b [ 4 (o) = £ () B Fipsigus (~u) dade
Q

+/ {f (UE,n) — f(0)} B- 6signx (—ue,n) pdzdt.
Q

Let us examine the right-hand side of this equality: the first term of the first line is
negative (definition of ( - )7), the second and third lines are bounded by a constant C,
which only depends on ¢ (according to (2.3)) and the Sacks lemma shows that the fourth
line tends to 0T when X goes to 0F. Then, after integrating by parts the second term of the
first line and passing to the limit with A, it comes that

1
—/ |—ten| pdadt < Cy, + e/ | —te,n| Ap dadt.
nJq Q

Next we consider the L? (Q)-scalar product between the diffusion equation (&), and
sgn ([uey77 — 977]+) . The arguments are the same as those developed previously. We
especially use the majorations of the time and space derivatives of 6,,, independently from
7, obtained by referring to its definition.

Then, there exists a constant C', which only depends on ¢, such that

1
— / (e — Oy)Todrdt < Cp + e/ Ab, sign (uc, — 0,) " o dudt.
nJq Q

Hence, by adding the two previous estimates, it follows that

% /Q |Be(t, z, Ue )| pdxdt < C, + e{ /Q A, sign (e, — 0n) T 0 + [~y Acp}dxdt,

where C, is a constant which only depends on ¢.

The convergence properties recalled in Theorem 2.1 ensure, by passing to the limit when
€ goes to 0T, the following property.

Property 2.1. For all strictly positive real numbers n,

1
Vp € Cc2,+(Q)v 5 Hﬁn(tax?un)@HLl(Q) <C, (2.5)
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where M = M (T) and C, is a constant which only depends on .
Remark 2.1. Obviously, since u,, is the BV (Q)-weak entropy solution of (P), , it verifies
the entropy inequality, for all real numbers k and for all positive functions & of H} (Q),

/ L7 (t,x,uy, k, &) dedt > 0,
Q

where L7 (t,z,u, k,v) = L (t,z,u, k,v) — %577 (t,z,u) sign(u—k)wv.
Besides, it fulfills the equivalent C.Bardos, A.Y.LeRoux & J.C.Nedelec form of the Dirich-
let boundary condition : for all real numbers k and for all L* (3)-positive function ¢,

—/ﬁ(t,a,un,k)-ﬁCdH”
2

g/ﬁ(t,a,un,uf)-ﬁCde—/ﬁ(t,a,k,uf)-ﬁCd’Hp. (2.6)
b b

However, to pass to the limit when 1 goes to 0%, we must free ourselves from the param-
eter 1 in L7, by referring to the monotonicity of 3, (¢,«,.), and must consider some non
linerarities continuous with respect to u,. That is why some other specific properties of u,,
have to be precised.

Firstly, in order to simply the writing, let us denote for all positive C? (R)-convex functions
E such that E (0) = E' (0) =0,

Fg (t,z,u, k) /f —k)drB(t,z),

1
Gi (t,z,u,v) =E (u—v) [g (t,z,u) + v + Eﬂn(t, x, u)}

/{f Blt,2)Vv+ [ (7)Y - B(t,2)}E” (r—k) dr|,
L3 (t,z,u,k,v) =E(u—k)owv + Fg (t,z,u,k) - Vo — Gp (t,z,u, k) v.

Then, we have the next result:
Property 2.2. For all real numbers k, for all positive functions & of Hi (Q), the weak
entropy solution of (P), fulfills the inequality

/ch (t, x, uy, kb, &) dzdt > 0. (2.7)

Furthermore, w, satisfies the Dirichlet boundary condition in the following sense, for all
positive functions ¢ of L' (),

—~ / F (t,0,uy, k0,) - it CAHP

g/F(t O, Uny, n) 7t (dHP — /F(t o, k@n,un) 7 (dHP (2.8)
by b

Proof. Let us come back to the viscous problem (P),_, related to (P), . By first taking
into account the convexity of E, we obtain the majoration a.e. on @,

€ B (ue,y — kb)) A [ue,y — kb)) < € AE (ue,, — kb)) .
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Furthermore, the definition of ﬁ]E (t,z,u, k0) allows us to turn the transport term into

v ( Fluen) B(t, m)) E (ue, — k) =V - (ﬁE (t, 2, e, k@n))
+ k/ £/ @) Blt,2) - V0, + [ (1) V- B(t, )} B (7 — k6, dr.
k0,

Then, by multiplying the diffusion equation (2.2) with E’ (uc, — k6,), the next relation
holds a.e. on Q:

O (e — K6y) + V- (B (1,1, k6y))
1
+E (e — kbn) [g (8,2, tey) + K (0e0y — €A0y) + Eﬂn (t, 2, ten)]

wk [P (0 Bltw) V0,4 ()9 - Blta) B (7 — k0, dr

k6,
< eAE (ue,, — kb)) .

We obtain the entropy inequality (2.7) by considering the L? (Q)-scalar product between
the above inequality and a positive test-function ¢ element of H} (Q) and through passing
to the limit when € goes to 0" (by applying the convergence properties recalled in Theorem
2.1).

With a view to obtaining the boundary condition (2.8), we use the fact that, since u,, is a
bounded function of bounded variation on @), the inequality (2.6) holds for all real numbers
k and for all L' (X)-positive functions (. So, we consider a sequence of simple functions

(0n7m)m€N* defined for all m of N* by 6,.,, = > kilg,, where k; belongs to R for all i of

{1,---,m} and (Bi);cqq.... ,ny 18 @ Borelian partlition of ¥. By rewriting (2.6) with kk; and
I, respectively instead of k and ¢ and by summing on i, we pass to the limit when m
goes to infinity through the Lebesgue dominated convergence theorem, since the sequence
(0n.m) men- converges to 6, in L' (Q) and a.e. on Q.

Indeed, by passing to the limit when » tends to 0%, the inequality (2.7) will supply the
y>0- However, (2.8)
does not ensure that a Young measure trace on ¥ related to v (in the sense of Definition

entropy inequality (1.7) for a Young measure v associated with (u,)

1.2) fulfills the boundary condition (1.8). In fact, since (uy), ., is also a bounded sequence
in L*° (¥), the relation (2.8) only gives some information about a Young measure on ¥
corresponding to this sequence. That is why we need the next corollary.

Corollary 2.1. Let u, be the BV (Q) N L* (Q)-weak entropy solution of (”P)77 . Then for
all real numbers k and for all positive functions & of H' (Q),

/ L7 (t, @, uy, kb, &) dedt
Q

> —/ |uo,y — kb5, (0,)]£(0,-) de + / F (t,o, Uy, kOy) - TEAHP.
Q )

Proof. First of all, since the entropy inequality (2.7) is fulfilled for all C? (R)-convex
function E such that E (0)=E’(0)=0, then it is still satisfied when E is the term of a
regular sequence approximating the absolute value function. At the limit we obtain for all
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real numbers k and for all functions £ of H} (Q),
/ L7 (t, x, uy, kb, &) dxdt > 0.
Q

Now, the demonstration can be exactly developed as that of Theorem 1.1 (ii), but in a
more regular context here because u, is a bounded function with bounded variation on @, it
has a trace at ¢ = 0 and on X. Hence we choose in the previous entropy inequality the test-
function & (t,) = ((t,z) ¢ () pm (t), where ¢ belongs to Dy (Q), ¢ is a C? (Q)-positive
function with a compact support in € and ¢, is the Lipschtzian approximation of Ijg 7
already given by ¢y, (t) = max (0, min (mt,m (T' —t),1)), for all m of N. The definition of
uy’s trace in BV (Q) N L™ (Q) at t = 0 permits to pass to the limit when m goes to infinity.
It results in

/E (t, @, uy, kO, (D) dxdt—i—/C ) ¢ |uo,y — kb, (0, )| de > 0.

Now, for each value of the parameter § > 0, we introduce the function ps element of
C? (Q), which verifies the following properties!™:

{nglOnF, ps =0 on {zeQ, dist(x,T") >},

= Cst
ngﬁgl OIIQ, va5 < 5

‘LM(Q)P B
where C*®? is a constant independent of 6. Then, by taking ¢ equal to 1 — ps, we have

//3 tmun,kﬂn,C)(l—p,;)dxdt—/F (t, x, uy, kO) - Vps ¢ dadt

/c ) (1 ps) [uo — Ky (0,-)] da > 0.

As u,, belongs to BV (Q) N L™ (Q), we transform the second integral in the above in-
equality through the Green formula. As the sequence (ps);-,, converges dM-a.e. to 0, where
dM is the bounded Radon measure associated with the distribution V- F (t,x, uy, kb)) , then
it is possible to take the J-limit in the previous inequality to obtain, for all functions ¢ of

D+ (Q),
//3 (t, x, uy, kb, C) dxdt>/F (t,0,uy, kb)) - ICdHP — /C ) [wo,y — kby| d.

To complete the proof, we refer to the density of D (Q) into H' (Q).

2.2. Existence of an Entropy Measure-Valued Solution

Given that (uy), ., is a bounded sequence in L* (Q), the reminders of Property 1.1,
the a priori estimates developed in Property 2.1 and the entropy relations established in
Property 2.2 will enable us to specify the behavior of the sequence (“n)n>o when 7 goes to
0T. We precisely have

Theorem 2.1. There exists at least an emvs to (1.3) and (1.4).

Proof. Let k be an element of [0,1]. As in the regularized entropy inequality (2.7) the
penalized term is negative, then one may take the n-limit by referring to the L (Q) weak-x
convergence properties. This provides us with the inequality (1.7) by coming back to the
particular choice of Kruskov’s entropy pairs. Moreover, the penalized term’s estimate (2.5)
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ensures that a Young measure v associated with the sequence (“n)n>o fulfills the obstacle
condition (1.6). Finally v is an emvs to (1.3) and (1.4) in the sense of Definition 1.1.

Let v be a Young measure related to (“n)n>0 . According to Properties 1.2 and 1.3, since
v is an emvs to (1.3) and (1.4), one may give a sense to an initial condition in L' (£2)
and specify the behavior of v in the neighborhood of I'. Thus an entropy relation is given
for v, through which, by taking suitable test-functions and by following the same kind of
calculuses as those already developed in Properties 1.2 and 1.3, we are able to prove

Theorem 2.2. This emvs v is an EMVS to the problem (P).

Proof. We have to check that the boundary conditions (1.8) and (1.9) are satisfied. For
this purpose, we take the n-limit in the inequality established in Corollary 2.1. According
to the reminders of Property 1.1, for all real numbers k of [0, 1] and for all positive functions
¢ of H' (Q), we have

/ {IX — k0] 0 + F (t, 2, \ kO) - VE — Xk (t,2) £} dvs 2y (N) dadt
QxR

> f(t,a, AN KkO) - Edf(t,o,N) —/ |ug — k6 (0,-)] (0, ) dx,
Y xR Q

where xy, (¢, z) is the L*° (Q) weak-* limit of the bounded non continuous function G(t, x, uy,,
k0,) and [ is a Young measure on ¥ associated with the sequence of u,’s trace on X.

Firstly, let ¢ be an element of D4 (2) and m € N. In the previous inequality we choose
the test-function £ (¢,2) = ((z)max (0, min (1 —mt,1)). Using the result established in
Property 1.2 allows to take the limit when m goes to infinity. So one has

lim ess/ A= kO] Cdv zy (A) do < / luo — k6 (0, )| (dx.
QxR Q

t—0t
Therefore by replacing the real parameter k by the function k* (.) defined a.e. on Q by

k* (x) — ;1«(00(’2)), lf 9 (05 33) 7& 07
0, else,

as shown in the demonstration of Property 1.2, one proves that the emvs v satisfies the
initial condition (1.9).

Secondly, let ¢ be an element of D1 (Q) and m € N. We consider now the test-function
§(t,7) = ((t,0) max (0,min (1 — m7,1)) with T = (4,7 in the variables (o, 7) introduced
in Definition 1.2. By taking the limit when m goes to infinity (Property 1.3), we have for
all real numbers & of [0, 1],

/ F(t,2,\ k) - ACdfi (t, 0, ) < F(t,2,\k0) -7 du (t,0,)) .
xR xR
Then, as shown in Properties 1.2 and 1.3, the real parameter k can be replaced by the
function k* (+,-) defined a.e. on ¥ by
K (t0) = { w2 i 6(t.0) #0,
0, else.

This leads to the same inequality as before with u® instead of k6. Now, since u,, is the BV -

weak entropy solution (P), , it fulfills the boundary condition (2.8) established in Property
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2.2. So, by passing to the limit when 7 goes to infinity and by using the two previous
relations between i and p, we prove that the emvs v verifies the boundary condition (1.8).

§3. Uniqueness of the Entropy Measure-Valued Solution

Now we establish the uniqueness of an EMVS to the problem (P). As has been specified in
the introduction, this uniqueness result first ensures that the family of probability measures
(V(M))( +aycq telated to (un), s has a punctual support. Namely, there exists a bounded
and measurable function v on @Q such that, for a.e. (t,x) in Q, v(44) = 6y(t,2), Where 0z
is the Dirac mass centered on the point Z. The function w thus defined will be called
the Entropy Solution of (P). Moreover, it ensures that the whole approximating sequence
(un),, = converges to u in L7(Q), 1 < ¢ < 400 and a.e. in Q.

3.1. The Kruskov Relation

The uniqueness proof is classical: it uses that developed by S.N.Kruskov!” through the
splitting in two of the time and space variables. However, we will remark that the intro-
duction of a forced bilateral obstacle condition gives rise to the choice of an entropy family
depending on (¢, z), through the function 8. Without adding many technical difficulties, this
dependence on time and space entails many additional calculuses and leads us to refer to the
notion of an Entropy Process Solution introduced by R.Eymard, T.Gallouet & R.Herbin!®!
through the next statement.

Property 3.1. Let O be an open subset of RPT and let w — vy, a Young measure with
support in [—M, M]. Then, there exists a function © in L (]0,1[ x O) such that for all
continuous bounded functions ¢ on Ox [—M, M],

Y (x, A) dvyy (N) do = / Y (z, 7 (o, w)) dadx fora.e. win O.

10,1[xO

RxO

The demonstration is based on the properties of the generalized inverse of the distribution
function linked to a probability measure. Hence the integration with respect to the measure
dvy, 1s turned into an integration with respect to the Lebesgue measure on ]0, 1].

Thus, the fine Properties 1.2, 1.3 and Definition 1.2, given for an emvs to (1.3) and (1.4),
can be expressed by using property 3.1. This leads to the notion of an Entropy Process
Solution to (1.3) and (1.4). To begin with, we state the next result.

Theorem 3.1. Let us assume that v and w are two EMVS to the problem (P) related
respectively to the initial and the boundary conditions ug, u® and 4o, 4°. Then for a.e. t in
Jo, 1.

/ A — Rl dvea) (V) deo(s.a) () do
R2xQ

t
B?H / /|uB—QB|deds+/|u0—a0|dm)eM-;t, (3.1)
o Jo
T Q

where M} and Mé are respectively the Lipschitz constant of f and g (with respect to the third

< (205

variable, uniformly in (t,x)).
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Proof. Let m be an element of N* and let p,, be the standard mollifer sequence in R™.
For each n of N*, let us denote by (pm,n)nen the sequence defined by

pmn(T) =n" pp(n).

Lastly, £ will stand for the open subset ]0,1[ x Q.

Let us now consider two entropy process solutions 7 and w associated respectively with
the EMVS v and w. We introduce the functions k* and k of L™ (&3),

w(B,s,y) 3 7 (a,t,x) .
k(ﬁ S ) = 0(s,y) ’ if 9(87y) # 0’ k* (a t x) — o(t,z) if a(tﬂ {E) 7é 07
Y 0 else. ’ Y 0, else.

In this way, 0 < k <1 and 0 < k* <1 a.e. on £. Moreover

k(B,s,1)0(s,y) = w(B,s,y) and k* (o, t,2) 0(t, ) = w(o, t,x) a.e. on E.

Let us consider the function A defined on @ x @ through

A (tvxv Svy) = (P (ta Z‘) ppm« (33 - y) pl,n (t - S) )

where ¢ is an element of Dy (]0,7'[ x ).

In the entropy relation (1.10) satisfied by 7 one chooses k = k(83, s,y), the test-function
being equal to A(, -, s,y)0(s,y). We make sure that it is still possible to integrate with
respect to the Lebesgue measure d@dyds on £. The same reasoning leads us to choose a
test-function equal to A(t, z,-,-)0(t,x) and k = k* (o, ¢, x) , in the inequality (1.10) fulfilled
by w and written in the variables (3, s,y). Then, we integrate over £ with respect to the
measure dadxdt.

Then, the two expressions obtained above are added up and taking into account the
definition of A the partial derivatives in s, t, x and y are developed. It follows that

3
Zji,n > _14,11 - I5,n + 16,717 with

i=1
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L,= A (sign, w,w) {A (id, 7, w) dsp — (A (fﬁ - B, k97k*9) + A(g,w,w)) 7
EXE

( ( ) ( B ko (t Jj) )) . 690}0;0,1101,71 dL,
I = / A (sign, 7, w) {[70:0(s, ) — wdO(t, 7)]
EXE
[ 0005, 9)) Bls,) - V0(s,p) 7 — f/ (k0(t,2)) B(t, 2) - VO(1, 2)w]| }AdL,
L= Asignmw){A (£ () Bm k0 (s.0))
EXE
~A(F () Bk (t,2),0)} - VopnprnpdL,
Iy = / luo (y) — k%60 (0,y)| 6 (t,2) A (¢, 2,0,y) dadxdidy,
Q2 x]0,1[x]0,T
Is, = / F (t,0,7 (o, t,0) ,uB) -0 (s,y)A(t,0,sy)dadH tg)dyds
ExE
+/ ﬁ(s & (B,s,7),4%) 70 (t,x) A (t,2,5,7) dﬁd?‘{(s ddt,
XxE
Isn = / F (t,o,k(B,s,9)0(t,0), uP) - ii0 (s,y) A (t,0,5,y) dﬂdHft o) dyds
ExE '

+/ ﬁ(s,r, k* (a,t,x)0(s,7),4"%) -6 (t,2) A (t,z,8,7) dadeS yddt.
UxE

To clarify, we have denoted
A(f,u,v) = f(t,x,u(t,m))@(s,y) - f(Sayv’U(Say))H(tvx)

and df = doadzdtdBdyds. Moreover, in I5, the functions @ and @ represent the “trace
processes” related respectively to m and w; namely, the processes corresponding to the
Young measure traces on Y related to v and w, in the sense of Definition 1.2.

We seek to calculate the limit of each integral I; ,,, when n goes to infinity. The argu-
mentation focuses on the notion of Lebesgue points for an integrable function and uses the
Lipschitzian properties of the non linearities. Besides, the order of all integrations can be

permuted. First of all, we state

Lemma 3.1. Let w and v be two elements of L™ (Q), ¢ a locally Lipschitzian function
on Q X R and £ a bounded function on Q. We denote

O(t,z,8y) = ppn(@—y)p1n(t—3)E(t )

and we consider

I, = / sign (u (¢, 2) 0 (s,y) — v(s,y)0(t, ) A (¢, u, v) Odzdtdyds.
QxQ
Then, 1iIJIrl I, = fQ A (@) 6& dxdt, where, in order to clarify, we set

A(¢) = sign (u(t,x) —v (t,2)){¢ (t, z,u (t,2)) — ¢ (t, 2,0 (t,2))} -
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Proof. We define 7 (a,b) = [min (a, b) ; max (a, b)] and we factorize
sign (uf(s,y) — v0(t,z)) A (¢, u,v)
= sign (uf(s,y) — v0(t,2)) [¢ (¢, 2,v) — ¢ (s,y,0)] 0 (¢, 7)
+ sign (uf(s,y) — vl(t, z)) [0(s,y) — 6(t, 2)] ¢ (¢, x,v)
N [t u) = ¢ (¢ 2, 0)] 0(s, y).
Since ¢ is locally Lipschitzian on @ x 7r and as 6 belongs to WH+%°(Q), the integrals

+ sign (ub(s,y) — vo(t, z

relative to the first line and to the second line tend to 0. For the third line [3, whether or not
u (t,x)0(s,y) is an element of Z(v (s,y) O(t,x);v (¢, x) O(s,y)), one establishes the existence
of a constant C', such that a.e. on @ x @,

lls =0 (s,9) A(Q)| < C(|v(s,y) —v(t,2)[+10(s,y) =0 (¢, 2)]).

Hence, according to the continuity of § and to the definition of the Lebesgue points of v, I,
has got the same limit as

/ 0 (s,y) A (@) & (t, x) dedtdyds.
QxQ

This limit is calculated by referring to the continuity of 6 on @, which completes the
proof of Lemma 3.1.

Lemma 3.1 is used, u (¢t,z) and v (s,y) being changed respectively into 7(«,t,x) and
w(p, s,y), for a.e. (a,B) in |0, 1[2. Then, substitute ¢(-,-,-) and £ (+,+) in the statement of
Lemma 3.1 with their mathematical expressions in each line of I; ,,. Furthermore, according
to the regularity of f () B and the continuity of @, it is clear that the integral conming
from the quantities A (f (-) B, kO (t,z) ,w) or A (f () B, k*0 (s, y)) tends to 0. The same
remark is valid when f (-) B is turned into f (-) V- B, which gives us the limit of the integral
arising from A (f () B, ko, k*@) . Hence we have

lim Il,nz/ (B oA (idR)+A(f)§-%+A(f(-) ﬁf}—g) ©)0 dadfdxdt. (3.2)
Qx]0,17?

n—-+4oo

For the study of I ,, let us come back to the demonstration of Lemma 3.1 and assume
that in A (¢, u,v) the function @ is turned into its spatial derivative. Then the quantity
00 (s,y) A (@) is subtracted from the third line. We take advantage of the fact that for a.e.
(to,xo) in @ such that 6 (tg, z¢) = 0, one has 940 (9, zo) = 0. That way a.e. on & x &

sign (u (t,x) — v (t,2)) 0:0 (s,y) = sign (u (¢, ) 0 (s,y) —v (t,x) 0 (s,y)) 00 (s,y),

and the arguments are now the same as previously. This reasoning being also valid when
9,0 is changed into V6, we finally obtain

lim I, = / (E}-WA(f/(-) idg) + 001 (z’dR))gpdadﬂdxdt. (3.3)
Q012

n—-+4oo

To study the limit of I3 ,, we must compensate for the term 6,01,7” through an expresssion
like (t —s)e(t — s) or (y —x)é(y — =), where € and € are integrable functions such that
€(0) = €(0) = 0. Hence, when the quantity [t —s| or |y — | is in the order of L, some
estimates in the order of nPt! are given. Then, the limit with respect to n can be calculated
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by referring to the notion of Lebesgue points on Q. So, if h is an integrable function on @,
in all the Lebesgue points (¢, z) of h,

1 -
lim — / |h(t,x) — h(s,y)] ‘Vpp,n (x — y)‘ p1n(t — 8) dedtdyds = 0. (3.4)
QxQ

n—4oo N

Hence, the regularity of f and B is used to divide the integrated term in I3, into the
five vector-valued functions :

L= (7 )0 0,2) = £ (00(5) 0 (5 )} 2 [ B

L= {f (K0 (5.9)) 0 (5.y) - tx}/ 0. ()

E3={9(t,x>—9<s,y>}{f<>k9<sy> F' (k0 (t,2)) kO (t,)} B (

Ly=1{0(t2) =0 (s,)} { £ °0(s.9) B (t,2) — f (k0 (t,2)) B (s,)}
= {0(t,2) = 0. (5,11 (0 (5,9) () 1" (C1) + 0 (L, 0) K" (G2) ) B (t,)

t,x),

with
G=Crt (1=K 0(sy), @ =Cw+ (1= ko(ta), (¢¢) €01,
and by denoting for any real number A,
M= (U1, Uk 1y Ay Tl 1, -+ 5 Tp) -

Firstly, according to the technical point (3.4) and since f is a locally Lipschitzian function
on R, the integral given by L; has got the same limit as that arising from

L3 = {f (@ (8,5,9)0(t2)  f (r (o1, )) sy}z/ 0., B (1, 1) dA

The arguments already developed to study the second and the third line of the decom-
position in Lemma 3.1 prove that the integral coming from E’{ has got the same limit as

P Yj . N
/g KNGS / 0, B (£, 2)) dX - ¥ ppuprn pilL.
x ; z;

Given that ﬁggpp,n (x—y) = —ﬁyppm (z — y), an integration by parts is taken. Then there
is no difficulty in passing to the limit with n. So the term given by L1 tends to

- / V- BA(f) 0 dadBduzdt.
Qx]0,1[2

Similarly, the integral coming from L, goes to 0.

In so far as 6 belongs to W+°° (Q), we make sure that the integral corresponding to E5
tends to 0. Moreover, in order to determine the limit of that given by E3, we first remark
that the integrated quantity can also be written as

sign (K* — k) {0 (t,2) — 0 (s,9)} {f (m) k70 (s,y) — f' (kO (t,2)) k6 (t,2)} B (t,z) .

By judging whether or not k* (o, t,x) is an element of Z (k (83,¢,x);k (8,s,y)) we resort
to the technical result (3.4) so as to establish that the integral arising from E3 has got the
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same limit as
/g O(0) =059} A (ide) B Ty L.
X

Then, we take an integration by parts with respect to the variable y. These arguments are
used again to study the integral stemming from E4.
Thereafter, we get

lim Is, = / (69 BA(f — flidg) — 0V - BA( f)) pdadfdzdt. (3.5)
Qx]0.1P

n—-+oo

Lastly, to complete the proof of the Kruskov relation (3.1) we now just have to focus on
the boundary terms Iy ,, I, and Ig y,.

As to the first one, since ¢ belongs to D (]0,T'[ x Q)
@ (t, ) p1,n (t) is equal to 0 for all real numbers ¢ of [0,7]. So

, for n large enough, the quantity

Jlim L, =0, (3.6)
For the other, since 6 belongs to C (Q), [ 6 (s,y) pp.n (0 — y) p1,n (t — s) dyds converges to
Q
30 (t,o) on & andgppm (x —7) pin (t— )0 (t,x) ¢ (t,x) dedt converges to 36 (s, 7) ¢ (s,7)

on X, as n goes to infinity. Hence, the Lebesgue dominated convergence theorem gives

n—-+4oo

lim I5, = %/EX]O . (ﬁ (t,o,7,ul) + F (t,a,&;,uB)) <71 Op dod HP . (3.7)

In order to determine the limit of Ig,, let us come back to the change of variables
introduced in Definition 1.2: € being a strictly positive real number, for y in the neighborhood
of I', we set y = 7 — kil (1), where (7, k) belongs to I" x |0, ¢[. If we denote by J (7, k) the
Jacobian determinant associated with this change of coordinates and § = y(7 ), we are led
to transform the first line of I, into

1, = / F(to,k (3.5,5)0 (t,0) ,u® (t,0)) 76 (s, 5)
i ¥x]0,1[xXx]0,€]

x A(t,o,8,7) dﬂdHft_g) J (7, K) dH?S k-
Let § be a strictly positive real number. Given the Lusin theorem, there exists a con-
tinuous function @” on ¥ and a Borelian subset K of X, with dH? (£\K) < 4, such that

B B

u”® =au” a.e. on K.

As f and 6 are bounded functions, there exists a constant C*! such that
|Ié,n - Ig,n| < OSt 5’

where I¢,, is deduced from Ig,, by changing u®B into @Z. Furthermore, in so far as ﬁ(t, o,

/!
N
k(B,s,9)0(t,0), 0P (t,0))0(s,y)e(t,o) is uniformly continuous on the compact support of ¢,
I§ ,, has got the same limit, when n goes to infinity, as

1, = / F (.5, (8, 5,5) , @ (t.)) - 76 (s.5)
3x]0,1[xEx]0,¢]

x A (t,0,5,7) dﬁd?‘(@ ARG d’H‘?S k-
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Then, by using a local map method!'* one shows that

lim I = %/ F (s,7@,a") -ﬁG@dﬁd'H‘?S i,
' £x]0,1] ’

n—-+o0o

where w represents the “trace process” related to w. Therefore we have

n—-+o00

lim Ié,n — %/EX]O N ﬁ (S,T,L:), uB) ﬁ@(pdﬂdH:?s’T)‘ < Cst s,

where 4 is any positive real number; hence, the limit of the first integral in I¢ . The same
reasoning for the second integral of Is ,, then leads to

lim lg, = %/EX]O | (ﬁ (t,a,@,uB) +F (t,a, ~,7fLB)) . OpdadH?P. (3.8)

n—-+oo

Consequently, adding up the limits (3.2) — (3.8) results in

[ (060 AGde) + B9 (69) () - 02 (9)) dadBdade
Qx]o,1[?
2 %/ ﬁ(t,a) (ﬁ,@,uB,@B) -1 OpdadHP

x]0,1[

for all functions ¢ of Dy (]0,T[x Q) , where
Hﬂ)(a,b) ((ba wa uBa QB) = ﬁ (CL, b7 (ba QB) - ﬁ (CL, b7 (ba uB) + ﬁ (a7 ba 1/% UB) - ﬁ (a7 ba 1/% ﬁB) .

By density this inequality is still fulfilled for all functions ¢ such that ¢ is a positive
element of Wt (Q), with 6 (0,-) ¢ (0,-) = 6 (T,-) ¢ (T,-) = 0. So, with a view to establishing
the Kruskov relation (3.1), one considers the following test-function in the previous inequality

1 .
ot 7) = { Wf(ﬂa it o (t,x) >0,
sE(t), else,

¢ being any element of D (0,7) and ¢ being a strictly positive real number (6 < ||0]|_.)-
The next inequality follows

Bis+ Bys > 0,
where, by denoting [0 < 8 < 4] = {(¢t,z) € Q, 0 < 0 (t,z) < ¢},
1 o o
Bys =~ (at (06) A (idg) + €B - VO A () — 9EA (g)) dadBdzdt
Y [0<0<6]x]0,1[2

1

o Dy.g) (7@, u?, aP) - 70¢ dadH?.
20 Jsno<o<oxjon]

So as to calculate the limit of By s when 6 goes to 07T, the following estimates are used
%|7T—w|§1a.e. on [0 <], and%‘uB— AB‘ <lae on¥NI[0<6<
and for all real numbers a, b, ¢, d,
Bas) (c.d.u® ") | < 2M]| Blloo |u” —a”|. (3.9)
Hence, there exists a constant C*!, such that

Bas| < cst(/ (5410461 + [V6]} dedt + a? (S0 < 0 < 4])).
(0<6<5]
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That way Ba s goes to 0 with 6 and we use the Lebesgue dominated convergence theorem

to obtain the limit of By 5.
Lastly, by resuming a writing through the EMVS v, w corresponding to the processes 7

and w, and using the Lipschitz property of g, the inequality (3.9) gives us, for all functions
¢ of D (0,7),

_/ 5I/ A = Kl dv (s gy (A) dwg ) (k) ddt
Q R?

< M;/Q§/Rz A — sl ey (V) dee ) () dxdt+M}H]§||oo/E |uf — 4P| € drr.
Hence the time function A (-) defined through

h:t— A= K[ dv( ) (A) doog z) (k) do
QxR2 i :

t
_ M;/O /R2 A = K| dv(eny (N) doo (s 2y (k) deds

t
— M}HBHOO/ / |u? — 0P| ¢dHPds
0o Jr
is non increasing on [0, T]. Since it is also a bounded function, it has bounded variations on
[0,7]. So this function has a trace at ¢ = 07 which is the trace of the BV-function

t— A= Kldv,z) (A) dwog gz (k) de at ¢ =07,
QxR? /

The decomposition

/ A — &l dvea) (V) deogen) () do
QO xR2

< / |ug — Gg| dx + / |k — to| dww(s,q) (k) da + / |A — wo| dv(s,z) (A) dx
Q QxR? QxR?

and the definition (1.9) of the initial condition for v and w give, for a.e. ¢ of |0, 77,
h(t) S / |’LLQ — ﬁ0| dzx.
Q

Then, the Gronwall lemma leads to the desired relation (3.1), which completes the proof of

Theorem 3.1.
3.2. Conclusion
According to the relation (3.1) established in Theorem 3.1, if v and w are two EMVS to

the problem (P) related to the same boundary conditions, then
/ A — K| dv(s gy () dwg z) (k) dz =0 for ae. t in ]0,T7.
QxR? :

Thus, the two probability measures dv(; ;) and dw( ) are equal to a Dirac measure
centered on a point noted u (¢,x). Moreover, u is a measurable and bounded function on
Q, since the constraint (1.6) on the supports of dvy ,) and dw ,) is translated into :
0<u(t,x) <6(t,z), for ae. (t,z) on Q.

Hence, referring to the equivalent definition of an EMVS to (P) given in Theorem 1.1,

we may say that
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Theorem 3.2. The bilateral obstacle problem (P) has a unique Entropy Solution u which
is characterized by the formulation

0<u(t,x) <O(t,x) for ae. (t,x) inQ,

and for all real numbers k of [0,1], for all positive functions & of H' (Q), for all Young
measure traces p on % related to d,, the next relation holds :

/ L(t,x,u,kb,§)dedt + / |ug — k6 (0,)[£(0,-) dx
Q Q

2—/ ﬁ(t,a,)\,uB)-ﬁgdu(t,a,/\)+/ﬁ(t,a,k@,uB)-ﬁgde.
YXR >

Furthermore, if u and v are two entropy solutions for (P) corresponding respectively to the
couples of boundary conditions (uB,uo) and (UB,’UQ) , then for a.e. t of 10, T,

¢
/|u—v|dx§ (2M}||§||w/ /|uB_UB|de71ds+/ |u0—vo|dx)eM_§t.
Q o Jr Q

To conclude, let us remember that, according to the works of R.J.Dipernal¥, u is the
limit in L?(Q), 1 < g < 400, and a.e. on @, of the whole sequence of penalized solutions
(un)n>0, when 7 goes to 0. The latter property is used in [levi3] to give some behavior and
sensitivity properties of u with respect to 6, in the case of the Cauchy problem in RP.
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