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Abstract

The aim of this work is to study a stochastic obstacle problem governed by a T-
monotone operator, a random force and a multiplicative stochastic reaction in the
frame of Sobolev spaces. After proving a result of existence and uniqueness of the
variational solution, by using an ad hoc perturbation of the stochastic reaction and a
penalization of the constraint, we prove Lewy—Stampacchia’s inequalities associated
with the problem finally.
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1 Introduction

In this paper, we are interested in proving the existence and uniqueness of a solution
u to some obstacle problems which can be written (formally)

k) > f— a,(u - / Gu, -)dW) — A, ),
0

where K is a closed convex subset of L? (27, V) related to the stochastic constraint
¥, A is a nonlinear T-monotone operator defined on a space V, (£2, (F;)i>0, P)
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is a filtered probability space with the usual assumptions and W (t) is a Wiener
process in some separable Hilbert space H. Then, we give the corresponding Lewy—
Stampacchia’s (L-S) inequalities, namely

0< at(uf/O'G<u,-)dW)+A(u,~)ff < (f*az(ll/*/(; Gy, AW ) = AW, ~)>7.

Concerning stochastic obstacle problems, without seeking to be exhaustive, let us
mention the papers of Haussmann and Pardoux [ 14] where the authors proved the well-
posedness of the reflected parabolic problem governed by a bounded linear operator.
The question of the semi-linear case was studied by Rascanu [21], Donati-Martin and
Pardoux [10], and Xua and Zhang [28]. A penalty method approach is used as in the
deterministic case. We also cite the recent book of Zambotti [29] where a study of the
nonlinear heat equation with an additive noise is considered.

Several studies on the quasilinear case have been proposed by Denis, Matoussi and
Zhang. In [6], a homogeneous SPDE with obstacle, under Lipschitz hypotheses and
L’-integrability conditions on the coefficients, have been studied by using technics of
Parabolic potential theory. After the introduction of the notion of parabolic capacity,
the authors constructed a solution which admits a quasi-continuous version via the
penalization method by mixing pathwise arguments and some existence result of the
deterministic obstacle problem. The result has been extended in [7] by considering
a weaker L7 9-integrability conditions on the coefficients. Then, they used the same
approach to study the case of non-homogeneous operator as they derived also a local
maximum principle in [8].

In a differential inclusion approach, we mention the works of Rascanu [22] and Ben-
soussan and Rascanu [4] where a maximal monotone operator is considered on a
Hilbert space; Barbu [2] for nonlinear heat problems and Bauzet et al. [3] for an
Allen—Cahn type equation.

Concerning monotone operators in a non-Hilbertian case, Rascanu and Rotenstein [23]
were interested, among other things, in strong solutions to some stochastic variational
inequalities when the barriers cancel the diffusion coefficients. Our aim in this paper
is to revisit similar variational inequalities by adding random dependences for the
operator, the source and the stochastic reaction terms, and the obstacle. We will in

particular assume that f — 9, (1// — / Gy, -)dW) — A(y, -) can be written as the
0

difference of two non-negative elements of a dual-space to derive Lewy—Stampacchia’s
inequalities. Then, we propose in the appendix-section some extensions to situations
where the obstacle and the solution are not in the same space, or to bilateral obstacle
problems.

There exists a vast literature on deterministic L—S inequalities. Lewy and Stampac-
chia [16] proved the first inequalities in the context of super-harmonic problems. Then,
many authors have been interested in the so-called Lewy—Stampacchia’s inequality
associated with obstacle problems. Let us cite the monograph of Rodrigues [24] for
hyperbolic problems and the paper of Mokrane et al. [18] for elliptic problems in the
context of Sobolev spaces with variable exponents. Concerning parabolic problems,
the first result is the one of Donati [9] for problems with a monotone operator. Recently,
Guibé et al. [13] extended this result to the frame of Leray-Lions pseudomonotone
operators.
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To the best of the author’s knowledge, there doesn’t exist in the literature a result
of existence and uniqueness associated with corresponding L—S inequalities, of the
solution to a stochastic obstacle problem with a nonlinear operator associated with a
random obstacle that doesn’t cancel the diffusion coefficients. Our aim, in this paper,
is to propose such a result with general assumptions on the 7-monotone operator
and a general multiplicative noise. By using a penalization method of the constraint,
associated with a suitable perturbation of the stochastic reaction to formally lead to an
additive stochastic source on the free-set where the constraint is violated, we are able
to prove on one hand the existence of a solution to the stochastic obstacle problem,
and on the other hand, to prove the corresponding stochastic Lewy—Stampacchia’s
inequalities.

The paper is organized in the following way: after giving the hypotheses, a result
of uniqueness (Lemma 1) and the main result (Theorem 1) in Sects. 2, 3 is devoted
to the proof of the results. A first step concerns the existence of a solution to the
approximating problem associated with a parameter €. Additionally, some a priori
estimates and passage to the limit with respect to € are considered when /™ is a regular
non-negative element. A first proof of Lewy—Stampacchia’s inequality is given when
h~ is still regular. Finally, the proof of Lewy—Stampacchia’s inequality is extended to
the general case. In a next small section we present some numerical illustrations, then
we finish with an appendix where some possible extensions are presented concerning
obstacles with negative values on the boundary and the case of bilateral obstacles.

2 Notation and hypotheses

Letus denoteby D  R? a Lipschitz bounded domain, T > Oandby p € (1, +00). As
usual, p’ is the conjugate exponent of p, V = Wol’p(D) ifp>2andV = Wol’p(D)ﬂ
L?(D) with the graph-norm else. WO1 "7 (D) denotes the sub-space of elements of
WP (D) with null trace, endowed with Poincaré’s norm, and H = L2(D) is identified
with its dual space so that, the corresponding dual spaces to V are V/ = w—LP (D)
ifp>2and V' = W12 (D) + L2(D) else (cf. e.g. [11, p.24]). The duality bracket
for T € V' and v € V is denoted (T, v).
The presentation of our results is in an abstract way so that one can easily extend them
to more general Riesz separable reflexive Banach spaces V. We will not develop this
point of view because V will not be a Banach lattice.

In our situation, the Lions—Guelfand triple V <, H = L%(D) <>, V’ holds.

Let (2, F, P) be a complete probability space (e.g. the classical Wiener space)
endowed with a right-continuous filtration {#; };>0 completed with respect to the mea-
sure P. W(t) is an adapted Wiener process in H with nuclear covariance operator O
with tr Q < oo. Denote by 27 = (0, T) x £2 and Pr the predictable o -algebra on
2rt

Let L g (H) denotes the spaces of linear operators @ defined on Q% H with values
in H such that @ Q% € HS(H) (the space of Hilbert-Schmidt operators from H to

1 Pri=oc({ls,t]x Fs|0 <s <t <T, Fs € Fs}U{{0} x Fy|Fy € Fo}) (see [17, p.33]). Then, a process
defined on £27 with values in a given space E is predictable if it is Pz -measurable.
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H). Lo (H) is a separable Hilbert space relatively to the scalar product (@, ¥)op =

tr® Q%(lIJQ%)*. The norm in this space is denoted by | - [p. We recall that the

stochastic integrals over a Wiener process are defined for predictable operators B

t

such that E[/ |B(s)|ds] < oo forany ¢ > 0 [15, Sect. I-2].
We will consider in the sequel the following assumptions:

Hi :LetA:VxQ2r—>V,G:HxQ2r - LoH), Y :Q27r >V, f:2r—>V
and ug : 2 — H such that:

Hi1: Foranyve Vandu € H, A(v, -), G(u, -), ¥ and f are predictable.

Hi 2 : ug is Fo-measurable.

H; : Ja, K > 0, Ar,heR e Ll(.QT) and g € Lp/(.QT), both predictable, such
that:

Hyp: (t,w) € Rrae, YveV, (A, t,0),v)+Alvl3 + Lt o) > alv]}.
H> : (T— monotonicity [19, p. 120]) (¢, w) € 27 a.e., Yv, v €V,

Ar (v —v2, (1 — V) + (A1, 1, 0) — A(va, t, @), (v —v2)T) > 0.

Note that since v| —vy = (v] —v2)t —(va—v1)t, ArId + A is also monotone.
Hy3: (t,w) € 2rae, YveV, |AW,t, )|y < I?||v||‘3_l + g(t, w).
H> 4 : (Hemi-continuity) (¢, w) € 27 a.e., VYv,vj, 0 €V,

ne€R > (A(v; + nua, t, w), v) is continuous.
Remark 1 Assumptions Hy » and Hy 4 yield (e.g. [25, Lemma2.16 p.38]) the continuity
of Arld + A, thus of A with respect to v from V-strong to V’-weak. Thus, for any
v; € V, the application A,, : V x 27 — R, (v,f,w) — (A(v,t,w),v1) is a
Carathéodory function.
Therefore, itis B(V) ® Pr measurable and, (A(v (¢, w), t, ®), vy) is predictable too for
any V —valued predictable process v [5, p.9]. If V is separable, A (v, -) is predictable
with values in (V’, B(V’)) since the weak and the strong measurabilities coincide

thanks to Pettis’s Theorem.

H; :dM > 0Oand! € Ll(.QT), predictable, such that

H3i: (t,w) € Qrae, Y¥9,0 € H, |G#H,t,0) — G(o, t,a))|2Q < Mo — ol
Hio: (t,w) € Qrae, YueH, |Gu,t,w)l} <t o)+ Mlul?.

Remark 2 Thanks to Assumption Hz, G : L*(D) x 27 — LQ(LZ(D)) is a
Carathéodory function. It is B(H) ® Pr measurable and, G(u(t, w), t, ) is pre-
dictable too for any H-valued predictable process u.

Hy -y € LP(2,LP(0, T, V)), at(w —/ Gy, .)dW) e LY (27, V') predicta-
0
bles.

Definition 1 Denote by K the convex set of admissible functions

K={velP(2r,V), vix,t,w)>v(kx,t,w) ae.in D x 27}.
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Hs : f e LP/(A?T, V') is predictable and one assumes moreover that

h=f-— 3:(1ﬁ —/ G, ~)dW) — AW, ) e LP (27, V)",
0
where LP(27,V)* = (L” (27, V)T = (L (@27, V) C L7 (27, V)
denotes the order dual: the difference of two non-negative elements of LY (27, V),
ie.h =h" —h™ where h*, h™ € (L? (27, V'))" are non-negative elements of

L"l(.QT, V. f, h™t, h~ are also assumed to be predictable.
We recall that A+ e (L? (227, V') in the sense:

T
Yo e LP(2r,V), ¢=0= E/ (h*, @)ds > 0.
0
He : ug € L*(£2, H) satisfies the constraint, i.e. ug > v (0).

Our aim is to look for (u, k), in a space defined straight after, solution to

du+ A(u,-)ds + kds = fds + G(u,-)dW in D x $2r,

u(t =0)=ug in H, a.s.,

u>y in D x 27, (1)
u=20 on 0D x 27,
(k,u—¢¥)=0 and £k <0 in 7.

Remark 3 Taking into account Assumptions H4 and Hjs, it’s worth noticing that
solves the following stochastic problem

dy + AW, ydt = G, )dW + (f — h)dt,

and the obstacle can be understood as a constraint in the coupling of stochastic PDE:s.
For exemple, ¥ (¢, x) = sin(mwx) exp(B(t) —nzt) in (0, T) x (0, 1) x £2 where 8 is the

1
standard Brownian motion. v is the solution to 9, (¢ — / YdW) — 83 v — Ew =0
0

1
and satisfies Hy and Hs with p = 2, A(v, -) = 82v — Fvand G, ) =v.
When the obstacle is with values in V, one can observe that the problem can reduce to
the question of a positivity obstacle problem with a stochastic reaction term vanishing
at0.
Indeed, by setting it = u — ¥, g = ug — ¥ (0), Al = A + v) — A(Y), with

Gi)=Gli+v¥)—G()and f = f— 8t(1ﬁ — / G(lp)dW) — A(y), the equation
0

becomes dii + A(il, )ds + kds = fds + G(i, )dW in D x 27 with G(0,.) =0
and under the constraint # > 0.

In case the obstacle v is not with values in V, if for example ¥ has non-positive
values on the boundary of D, or in case of a bilateral obstacle problem, this change of
problem may not be helpful and we present some extensions in this direction in the
appendix-section 5.
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Let us introduce the concept of a solution for Problem (1).
Definition 2 The pair (u, k) is a solution to Problem (1) if:

ueLP(2r,V)andk € L”/(.QT, V') are predictable, u € L>(£2,C([0, T1, H)).
u(t =0)=up and u € K.
P-as, forallt € [0, T],

' t t t
u(t)—i—/ kds—i—/ A(u, -)ds =uo+/ G(u,~)dW(s)+/ fds.
0 0 0 0

—k € (L”l(.QT, V)T and Yve K, (k,u —v) >0 ae.in 27.

Remark 4 Since the embedding V < H is continuous, u is equally a predictable
process with values in H or in V (thanks to Kuratowski’s theorem [27, Th. 1.1 p. 5]).

Remark5 We remind that (LP(2r, V)t = {u e LP(R27,V), ult,w) €
V* ae. in 827}, therefore, —k € (L?' (27, V) if and only if —k(t, w) € (V/)T,
a.e.in 7.

Indeed, If one assumes first that —k € (L/’,(.QT, V’))T. Then, for any givenp € VT,
any A € Fandany B € B(0,T), Laxpp € (LP(27, V).

Thus, foB(k(t, w), p)dtd P < 0 for any such A and B and (k(f, w), ) < Oon a
subset of £27 of full measure, depending a priori on ¢.

Since V is separable, for a given dense family {¢,, n € N} C V, there exists Qr C Qr
a subset of full measure such that (k(¢, w), gpj[ ) < 0for any n and all (¢, w) € §T.
Let ¢ € V' and (¢;) C {¢n, n € N} satisfying ¢; — ¢ in V. Thus, ¢;" — ¢* = ¢
in V and since (k(t, w), (p;r) < 0, the same inequality holds for ¢. Thus, —k(#, ) €
(VHT, (t,w) € 27 ae.

The converse is immediate: if ¢ (¢, w) € VT a.e.in 27, one gets (k(t, ), ¢(t, w)) < 0
a.e. in 27 and er (k(t, w), p(t, w))dtd P < 0.

As a consequence, knowing that —k € (Lf’,(.QT, V)" and u € K, imply that the
condition: (k, u—y) = Oa.e.in §27 is equivalent to the condition: Vv € K, (k, u—v) >
0 a.e.in $27.

Let us state our main result.
Theorem 1 Under Assumptions (H|)—(Hg), there exists a unique solution (u, k) to

Problem (1) in the sense of Definition 2. Moreover, the following Lewy-Stampacchia’s
inequality holds

0<an(u— [ Gauoaw)+aw— =i = (r-a(v- [ Gooaw) - aw.)
0 0
Remark 6 Note that Problem (1) can be written in the equivalent form:

Agw) s f— a,(u - / Gu, -)dW) — A, )
0
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where 01k (1) represents the sub-differential of Ix : LP (27, V) — R defined as

0, uek,

IK(”)={+oo ug K

T

and d/g (u) = Nx(u) = {y € Lp/(.QT, V', E/ (y,u —v)ds > 0,Yv € K} (see
0

[1.p.7 —8]).

Before entering in the proof of our main theorem, we start with the following result.

Lemma 1 If (u1, k1) and (uz, kz) are two solutions to (1) in the sense of Definition 2
associated with two different forces fi and f, then: there exists a positive constant
C > 0 such that

2
E sup 1 —u2)ONy = Cllft = L2l L (@ vy llur — u2llLri2r.v)-
1€[0,7] '

Remark 7 Note that Lemma 1 ensures the uniqueness of the solution to (1) in the
general framework.

Proof For any ¢ € [0, T] and P-a.s we have

t t
uy(t) —us(t) +/(; k1 — kalds +/0 [A(uy, ) — A(up, -)lds

t t
= /0 [G(ur, ) — Guz, )]dW(s) +/0 Lf1 — f2lds.

1
Applying Ito’s formula with F (¢, v) = 3 lv]|3,, one gets for any ¢ € [0, T,

t

1 t
Ell(ul - ”2)0)”%—1 +/ (A(uy, ) — A(uz, -), u1 —uz)ds +/ (ky — ko, uy — uz)ds
0 0
t t
= /0 (f1 = fa,ur —uz)ds +/0 ([G(ur, ) = Guz, )1dW(s), u; — uz)
1 [t 5
+ 5 A |G(u1, ) — G(uz, -)|st.
e Since uy, ur € K, Remark 5 yields a.e. in 27,
(ki — ko, uy —uz) = (ky, uy —uz) + (kz, uzs —uy) > 0.

Therefore, for any ¢

t t
/ (ki — ko, uy — up)ds =f (ki,ur —uz) + (ko,us —ui)ds >0 a.s.
0 0
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t

l t
. Vi [0.7]. 5/ Glur, ) — Gua, )ds < M/ et — wallyds.
0 0
e Since A7Id + A is T-monotone, V¢ € [0, T],

t t
/ (Auy, ) — A(uz, -), uy —uz)ds > —AT/ lur — uz % ds.
0 0

e By Burkholder—-Davis—Gundy’s inequality [15, Theorem 2.5 p.1240] (see also [23,
p-652]) and Young’s inequality, there exists a positive 6 such that

t
E [ sup | [ ([G(uy,:) — Guz, )dW(s), u; —uz)l}
te[0,7] JO

38 , 3m (T 2
< —E sup [[(uy —u)Dyg + =E (1 — u2)(s) || 5ds.
2 tel0,7] 25 Jo

1
o E sup | | (fi = fo,ur —u2)ds| < |1 = fall L @ vy llt1 — w2llLrc2r.v)-
tef0,7]1 Jo
With a convenient choice of § (e.g. § = 4—1‘), we deduce the existence of a positive
constant ¢ such that

2
E sup @1 = u2) Oy =cllft = 22l (@ vyllur —u2lle2r.v)
1€[0,T]

T
+e / E sup [[uy —u2)(0)l|3ds. 2)
0 t€[0,s]

Then, Gronwall’s lemma ensures that

E sup |l =)y < ceT I fi = fall Lo, vyl — w2llirigr vy 3)
tel0,T]

3 Proof of Theorem 1

We will prove Theorem 1 in three steps:

e Existence of the solution and a first Lewy—Stampacchia’s inequality, assuming that
h~ is regular.

e A second Lewy—Stampacchia’s inequality, still with a regular 2™

e Proof of the main theorem in the general case.
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3.1 Existence of the solution and a first Lewy-Stampacchia’s inequality, assuming
that h™ is regular.

3.1.1 Penalization

Let € > 0 and consider the following approximating problem:

t

1 - e
ue(r) +f (Aue, ) = —[(ue = )71 = fHds = uo +/0 Gue, )dW(s)

0
ue(0) = uo,
4)

where ¢ = min(p, 2) and 5(ue, ) = G(max(ue, ¥), ). The idea of the perturba-
tion of G is to have formally an additive stochastic source on the free-set where the
constraint is violated.

l:{ote that G satisfies also Assumptions Hy and H3, as well as Assumption Hs since
G, ) = G, -). Indeed, since 1 is predictable in H, max (u, V) is also predictable
forany u € H and a(u, -) is predictable thanks to Remark 2.

Forany u,v € V, |G (u,-) — G(v, )%, < M| max(u, ¥) — max(v, ¥) ||, < M|lu —
vl

The only difference in the assumptions lies in H3 » where one gets now that

G (u, )G <1+ 2MIIY 11T +2M |lullfy =1+ Mlu|F

where [ is a L' (£27)-predictable element by composition of functions, depending only
on the data.

_ 1 -
Consider A(ue, ) = A(ue, -) — —[(e — 1/;)_]4_1 — f and note that:
€

e By construction, A is an operator defined on V x §27 with values in V'
e Since v and f are predictable with values in V and V' respectively, u +> u~ is

1 -
a Lipschitz-continuous mapping then, for any v € V, ——[(v — )" ]9 — fis
€

predictable with values in V’ and therefore A satisfies Assumption Hy ;.
e Since x — —x~ is non-decreasing, At Id + A is T-monotone.
e The structure of the penalization operator yields the hemi-continuity of A in the
sense of Hy 4.
(Coercivity): Note that for any § > 0, there exists Cs ¢ > 0 such that: Vv € V,

(f,v) <CsIFID, + Sllvll2;
1 - 1 .
<——[(v —y) v> > <——[(v -y w>
€ €
= = 81101 ) — CoelV ;)

= = 6CIvIY = Cocllvld; ) — G
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where C is related to the continuous embedding of V in Li(D).

Denote by [; = [; 4 Cs ||f||p/, +Cs.cllyr ||(zé(D)- Itisa L'(£27) predictable element
thanks to the assumptions on f and ¥/, depending only on the data. Therefore, by
a convenient choice of §, A satisfies H | by considering /1 instead of /1.

e (Boundedness): Vv € V,

1 -1 1 — @1 i1 g1
H—;[(v —y) ) =~ =) N5, < Ce (1025, + 191%5)

L4 (D)
—1 -1
<Ce (101705, + 112705 ) + Co

since ¢ < p may be possible. Now, since the embeddings of L9 (D) in V' and of
V in L9(D) are continuous,

1 5 - -
|2t -wi | < (i i) +e,

V/

and Assumption Hp 3 is satisfied with K replaced by K + C and g by § =
g+ Ce ||1p||€'f1 + f + C, which is a predictable element of L”/(QT).

e (The noise): Let us denote by U = Q% (H), we recall that U is a separable Hilbert
space endowed with the scalar product (u, v)y = (Q_%u, Q_%M)H (see [17,

Prop. C.0.3 p. 221]) and note that G ¢ HS(Q%(H), H). Since (W (t))ie0,1] 18
a Wiener process in H with a nuclear covariance operator Q, (W (t));c[0,7] 1S a
Cylindrical Wiener process with a covariance operator / in U.

By [17, Th. 4.2.4 p.91 ] and Remark 4, for all € > 0, there exists a unique solution
uc € LP(2r, V) predictable such that u. € L?(£2,C([0, T, H)) and satisfying (4)
forallr € [0, T] and P-a.s. in £2.

Moreover, thanks to [17, Th. 4.2.5 p.91], (u¢)e=o is bounded in LP(27,V) N
L*(27, H).
Thanks to Assumptions H> 3, we get the following lemma.

Lemma2 e (uc)c~o is bounded in LP (27, V) N C([0, T, L2($2, H)).
o (A(ue,))e=0 is bounded in LP (27, V).

Proof Lete > 0 and v* € K such that o; (v* - fo G(v*, ~)dW)) € LP (27, V') with
predictable assumptions. Note that v* = 1 holds in this situation and

* ! 1 —1g—1
ue(t) —v (t)+/ (A(ue,-) — —[(ue —¥) 7197 ds
0 €
t .
— o — v*(0) + / Lf — o (0" — f G(w*, dW)lds
0 0

t
+/ (G e, ) — G*, )W (s).
0
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1td’s stochastic energy yields

t
e — v*112,0) +z/ (Ao, ). tte — v*)ds
0
t 1 5
) / / e = )17 e = v¥)dixds — fluo — v O
0 JD €
t .
= 2/ (f —ds* —/ G(v*, )dW), uc — v*)ds
0 0

t t
+ 2/0 (ue —v*, [G(ue, -) — G(v*, ~)]dW(s))H +/O |G (ue, -) — G(v*, -)|2st.
Note that

! 1 —1g—1 *
—2//—[(145—1/0 177 (e — v*)dxds
0 Jbp €

2 [t )
2 / f (e — ) 1 (ue — )dds
€ JoJD

2 [t -
_z2 / f [ — ) 1 (@ — v¥)dxds > 0,
€ JoJD
(Ae, ), e —v*) > allucllly — ruelly — L, w) — (Aue, ), v*)
> —1
> alluellt) — Alluell?y — 1i(t, @) — K luc " Iv*lv — g(t, o) [v*]lv

o
> Elluellf/ — Mluclyy — (1, @) = COH)(t, w)

where C(v*) € L'(£27). Thus, for any positive y, Young’s inequality yields the
existence of a positive constant C,, that may change form line to line, such that

%2 "o p
Ellue — vy () +2E A E””e”v(s)ds
t .
< )»E/ ||ue||%1(S)ds + Il + C(v*)llLl(gT) +C,(f,0s(v" — / G*, )dW))
0 0
t t
+ VE/ lue — v*lll‘;(s)ds + E/ |G (ue, -) — G(v*, -)|2st-
0 0

t o t
< CE [ e =y 0ds + 5 [ lucl s+,

for a suitable choice of y and thanks to H3 ».
Then, the first part of the lemma is proved by Gronwall’s lemma, and the second one
by adding Hj 3 to the first estimate. O
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3.1.2 A priori estimates with a regular h™

Hy: We will assume in this subsection that 2™ is a predictable non negative element
of L1 (27, L1 (D)).

1 ~ ~
Lemma3 Under Hy, (—[(ue — )19 Ve is bounded in L1 (21 x D).
€

Proof Let § > 0 and consider the following approximation from [20, p. 152].

r2— — if r<-=6,

— 4 3
BO={_r 4 6
252 368 -

0 if r=0.

1
Note that (_EF 5)s approximates the negative part. Moreover, Fs(-) € C2(R), and

satisfies:

|Fs(r)| <72,
|Fs(r)| <2r and ¥r eR, Fi(r) <0,
\F/()] <& and Vr e R, F{(r) = 0.

Set ps(v) = / Fs(v(x))dx, v € L2(D) and denote by S the set {u. < v}

D
Applying Ito’s formula [20, Th. 4.2 p. 65] ( see also [23, Lemma 4]) to the process
ue — Y, one gets for any ¢ € [0, T']

t
@5 (ue(t) — ¥ (1)) +/0 (Aue, ) = A, ), Fy(ue — ¥))ds

t
0

1 .
- f ([te — ) 7197, Fi(ue — ¥))ds

<0

=0

= m+/ot<h+, Fiue —))ds — fotur, Fi(ue — ¥)ds
+ folaé(ue, )= G, NdW(s), Fue — 1))
+5 T e — )G e, ) — B NG ue, ) — Ty ))ds.
Since G (uc, -) = G(i, -) on the set S, we deduce
5/ T e — )G lue ) — G QUG e, ) — G, s = 0.
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Taking the expectation, one has

t
Eqgs(ue(r) — ¢ (1) + E/o (Aue, ) — A, ), Fy(ue —))ds

t

1 )
- -E /0 ([Gte = ) ", Fi(ue — y))ds < E /0 (—h™, Fj(ue — ¥))ds.

Claim: a.e. 1 € [0, T] and P-a.s, F§(ue — ) converges to —2(ue — ¥)~ in V.
Indeed, we have

2r if r<-94,

/ l’3 rz

Fs(r) = —25—2—4? if —8<r<0, (6)
0 if r>0.

Let us estimate || F§(ue — %) + 2(ue — ¥) "~ llv,

I Fs(ue — ) +2(ue —¥) " llv

= </D | Fy (e (x) — ¥ (x)) + 2(ue (x) — W(X))_Ide) 2

1
r

+ (/D [V Fs(ue(x) — ¥ (x)) + 2V (ue(x) — 1/f(x))_|”dx>
We denote by B the set {—6 < u — ¢ < 0}. On one hand, one has

/D | F{ (e (x) = /() + 2(ue () — Yr(x)) ™ Pdx

2
dx

2 3 4 2
= fB 52 e =Y (x0)7 = S (e (x) = Y ()7 — 2uex) — ¥ (x))

< C2/ 88%dx = 8C282mes(D) —0asé— 0.
D

On the other hand, setting F = {—3§ < uc — ¥ < 0} one has by the chain rule in the
Sobolev spaces

/D |V F5(ue(x) = (X)) + 2V (ue(x) — ¥ (x) " |Pdx

szz

4
57 V@) = Y00’ + SV (e () = () + 2V (ue(x) = ¥(x))
6 8
< /F ‘(8—2(ue(x) — Y (x))* + 5 We@) =¥ () + 2) V(e (x) — ¥ (x))

p
dx

P
dx.
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6 8
We have |8—2(u€(x) — w()c))2 + g(ue(x) =¥ x)+2|IF < 2 _s<uy,—y<0) = Oace.
x € Dasé — 0and

6 8 b
'(8_2(“6(75) — Y () + 3 e =y + 2> IV (ue(x) — ¥ (x))
< 2IV(ue(x) =y (x)|”.

This last function is in L'(D) and dominated convergence theorem ensures that
/ |V F3 (e (x) — ¥ (x)) + 2V (ue (x) — ¥ (x)) " [Pdx — 0.

D
Therefore a.e. t € [0, T] and P-a.s., one gets when § — 0

o Vi €[0T, @s(ue(t) = Y1) —> e = ¥)~ D721
*  (Ae, ) — AW, ), Fi(ue — ) — (Aue, ) — AW, ), —2(ue — ¥)7)
> 207l (e — V) II%,

since this last term is equal to
2AW, ) — Alte, ), (W —ue)t) = =207 1(¥ —ud) T3
thanks to H2,2.~ i
o (—Lue—y) 71" Fiue—y)) — (~[ue—y) 71" —2(ue—y)7) = 2/ (ue —

W71
o (—h7, Fjlue =) = (—h™, 20e = ) <y)) = 2007, (ue = 9)7).

Again, dominated convergence theorem ensures that for any ¢
Ell(ue —¢)~ (t)IILz(D) + - E/ l(ue —¢)~ (S)IILq(D)
<2E / (h= (), (e — ¥)~())ds + 227 / le — ) ©Wds. (D)
0 0
To continue our proof, we will consider two cases.

1
e If p > 2 then g = 2. By multiplying (7) by —, one gets
€

1 _ 1 T _
3o Elle —v) (D2 p) + =E /0 e =¥~ ()72 pyds

T 1 ext T
< E/o (h™(s), g(ue —¥)(s))ds + E_ZT/O (e — )~ (5)11%ds.
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_ ro 1 _ 1 r 5

SmceE/0 (h™(5), —(ue = ¥) " (s))ds < Z_GZE/() e =)~ ()N72(pyds +
1

at+1

1 T
EE/O ||h*(s)||iz(D)ds, one has for € <

1 _ 1 T _
5o Ellwe =9~ (D2 + 75 E /O 1Gte = ¥)~ )17 pyds

T
<E [0l ds

1
Therefore (— (e — ) )e=o is bounded in L%(27 x D).
€
e If2 > p > 1then g = p. From Gronwall’s lemma applied to (7), one gets

1 _ (" _
E”(ué - W) ”ip(_QTXD) :EE/O ”(ue - 1/f) (S)”Z,,(D)ds

T
SC(T)E/O [(h™(s), (ue — )" (s))Ids

<C|lh~ ”Lp’(_QTXD) (e — )~ ”LP(.QTXD)v

1 _
hence Z||(uE — 1//)_||ip(lgrxD) < ||h~ ||L,,/(_QTxD). On the other hand, we have

1 r : i
=—(E f [ (e — )17~ D7 dxds)
0 JD

LV (2rxD) €

1
H—[(ue —y)7 P!
€

—pr—1
:g”(ué_w) ”ZP(QTXD)'

1 )
Consequently, (—[(¢#e — w)’]P’l)@o is bounded in L? (27 x D).
€

As a consequence the following lemma holds.
Lemma4 Under H7, (u¢)e=0 is a Cauchy sequence in the space L%(£2,C([0, T1, H)).

Proof Let 1 > ¢ > § > 0 and consider the process ue — us, which satisfies the
following equation

t
ue(t) — us(t) + /0 (Aue, ) — Alus, -))
1 - 1 -
+ (—;[(ue —)T1 + sl - x/f)—]q”) ds

t ~ ~
= /0 (Gue, ) = Gus, -))dW(s).
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1
Applying Ito’s formula with F (¢, v) = 3 v, one gets for any ¢ € [0, T']

1 t
Sl — ) @)1, +f0 (Alte, ) — Alus, ), ue — us)ds
o N 1 _
+ / <——[<u€ — ) 1+ s — )1 e — Ma>ds
0 € 1)
t - - 1 t ~ -
=/0 (Glue, ) — Glug, NAW(S), e — us) + 5/0 1Glue, ) — Gus, HNds.

We argue as in the proof of (2) with f; = f> and note that we need only to discuss
the penalization term.
On one hand, using the monotonicity of the penalization operator, one deduces

4 1 - 1 -
/ <——[<ue — )1 s — )1 ue — Ma>ds
0 € )

6_
>
€d

5 ! _
/(; (lus — )71 ue — us)ds.

On the other hand, we have

e—368 [!
/((ua Y] Ue — us)ds
€d 0

-5 t - t ~
== </ (s — )1 ue — ¢ )ds +/ (s — )17 —(us — w>>ds> :
€6 0 0

. €
Since

_ t
(Sf (lus — ¥)"197", —(us — ¥))ds > 0, it holds that
0

€—96
€d

t N _ 5 t N
/ (s — )7 197" ue — us)ds > 6—/ (s —v) 7197 ue — y)ds
0 €s Jo

€—34
€d

v

t ~
/0 ([us — )7 197" (e — ) 7)ds

We distinguish two cases:

1
e If p > 2, then§ = 2. Since (- (e — ¥) ™ )e~o is bounded in L?(27 x D), we get
€

€—34 T —1G—1 _
0< = E./o ([us =) 71977, (ue — )" )ds

1 1
:(e—S)E/ <—(u5—1p)_,—(u€—W)_>ds < Ce.
0 ) €
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e If1 < p <2,theng = p. Since( [(e — )17~V e=g is bounded in LY (827 x
D), we get

T
E /O (s — ) 71P7L, (ue — ¥)7)ds

e—8 [T/l i _
Efo <E[(ua—1ﬁ)] e — ) >ds

€

A

) _ 1
=— Cll(ue = V) llLr(2rxp) < Cer1.

By arguments similar to the ones used to obtain (2), we deduce

T
_1
E sup [(ue —us)®)lly < Cle +€77) + C/ E sup |[(ue —us)(@)l7ds
1€[0,7] 0 tel0s]

and Gronwall’s lemma ensures that (#¢)c~o is a Cauchy sequence in the space

L?(£2,C([0, T1, H)). o

3.1.3 Atthelimitase — 0

From Lemmas 2, 3 and 4, we deduce the following result.

Lemma5 There existu € LP (2, V) N L?(2,C([0, T1, H)) N N3,0, T, H)? and
(p, x) € Lé,(.QT, Lé,(D)) X LP/(.QT, V'), each one predictable, such that the fol-
lowing convergences hold, up to sub-sequences denoted by the same way,

ue—u in LP(Qr,V), ®)

ue — u in L*(2,C(0,T), H)), 9)

Alue, ) —=x in LV (27, V"), (10)
—é[(ue—W)‘]‘?‘l—\p, p <0 in LY(Qr x D). (11)

Proof By compactness with respect to the weak topology in the spaces LP(27,V),
LY (.QT, V') and LY (827 x D), there existu € LP(27,V), x € LY (27, V') and
p € LY (827 x D) such that (8), (10) and (11) hold (for sub-sequences). Thanks
to Lemma 4, we get the strong convergence of u, to u in LZ(Q, C(0,T], H)) —
L2(£27 x D). Moreover,

e Since u, € ./\/VZV(O, T, H), a Hilbert space, u € J\/VZV(O, T, H) too.
o Since (A(ue, -))¢ is predictable with values in V' (cf. Remark 1), the same applies
to x.

2 /\/QW(O, T, H) denotes the space of all predictable process of L? (827, H) (see [17, p. 36]).

@ Springer



Stoch PDE: Anal Comp

1 -
e Since uc, ¥ € NVZV(O, T,H), ——[(ue — )~ 197! is a predictable process with
€

values in L‘?/(D). Hence p is a predictable process with values in L‘?/(D) and
p < 0 since the set of non positive functions of L7 (£27 x D) is a closed convex
subset of LY (27 x D).

Remark 8 (initial condition and constraint).

e Since u, converges to u in L?(£2,C([0, T, H)) then uc(0) = uo converges to
u(0) in L2(£2, H) and u(0) = ug in L%(2, H).

e Thanks to Lemma 3, we deduce that (uc — )~ — (u— )~ = 0in LI(27 x D)
andu € K.

Lemma 6 Under Hy, / 6(u5, AW (s) — / G(u, )dW(s)inL2(£2,C([0, T1, H))
0 0

when € — 0.

Proof By Burkholder—Davis—Gundy’s inequality [23, p.652], one gets

t T
E sup | [ (Glue.) — Gu, - ndW ), §3E/ 1Guc. ) — Glu. ) 5ds
te[0,T] JO 0

T
(by using Hz) < 3ME/ lue — u||%1ds.
0
Since ue — u in L2(£2,C([0, T1, H)) with u € K, one deduces
/' Gue, YdW(s) — / G, )dW(s) = / Gu, )dW(s) in L%*(£2,C([0,T], H)).
0 0 0

O
Lemma7 We have p(u — ) =0 a.e. in 27 and, Vv € K, p(u — v) > 0 a.e. in 27.

Proof On one hand, by Lemma 3, we have
1 i -
0< —;E/O ([we =Y)719 " ue — Yr)ds
1 ! 5 ~
= —E/ Il (ue — wr(s)n‘;qu <cel ' —o.
€ Jo

On the other hand, by Lemma 5, we distinguish two cases:

1
e If p > 2then ——(uc — ¥)"—p in L>(27 x D) and uc —  — u — ¢ in
€

L?(27 x D) by Lemma 4. Hence E fOT Jppu—y)dxdt =0and p(u—1) =0
since the integrand is always non-positive.
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1 /
e If2> p> lthen ——[(ue — ) 1P '—pin LP (27 x D) and e — — u—
€

in LP(£27 x D) by Lemma 4 and the same conclusion holds.

One finishes the proof by noticing that if v € K, one has a.e. in £27 that,

=0 >0
<P’”—U>=(p»”—W)‘f‘(p,‘ﬂ—U)ZO

Our aim now is to prove that A(u, -) = x. We have for any ¢ € [0, T']

ue(t) + /OI(A(ME, - é[(ue — )1 = fds =uo + fot Glue, )dW(s).
and u(t) + /Ot(x +p— f)ds =uo+ /Ot Gu, )dW(s).
Hence
uelt) — u(t) + /Ot[mwe, V=0 + (—é[(ug — gy - p)} ds
= foté(ug, ) = G(u, )dW(s).
Note that (A (uc, -) —X)+(—é[(u€ — )" 1971 —p) € LP (27, V') is predictable and

t
that / G(ue, -) — G(u, -)dW (s) is a square integrable F; —martingale. Thus, we can
0

1
apply Ito’s formula [20, Theorem 4.2 p. 65] to the process u —u with F (v) = 3 v ||%1
to get

il

1 t
zll(ue — O + /O(A(ue, )= X, ue —u)ds

I

t 1 N
4 /<——[<ue — ) = pue — uyds
0 €

I3 Iy

t t
=/ <5<u€,->—5<u,~>dW(s),ue—u>+1f G (ue, ) — Glu, )|pds .
0 2 Jo

Let us consider in the sequel a given v € L?(227, V) N L*($2,C([0, T1, H)) and
tel0,T].
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t t

e Note that /; :/
0

(Aue, ), ue)ds —/

t
(Alue, ), u)ds — / (. tte — u)ds and
0 0

t t
/ (A(Mev 9, ue>ds = / (A(ue, )— AW, ), ue — U)dS
0 0
t t
+/ (A(v, -),ug—v>ds+f (Alue, ), v)ds
0 0

t t
(Arld + A is T-monotone ) > / (A(v, -), uc — v)ds +/ (A(ue, -), v)ds
0 0

!
2
—)»T/ lue — vligds.
0

t 1 N t
o E(Ih) = E/ <—g[(ue — ) 1 ue — u)ds — E/ (0, ue —u)ds
0 0
t 1 o t
> E/o (_Z[(ue — ) 1Ny —wyds — E/o (0, ue —u)ds.
e Since I3 is a F;-martingale then E(/3) = 0.
t
e Thanks to H3 we have E(I4) < MEf lue(s) — u(s)||%1ds.
0

By gathering the previous computation and taking the expectation, one has for any
te[0,T]

1 t
3Bl = 0O + E [ (A0 = 0) + (Alue, )00 = ) = (e = )]s

0

t 1 N t
+ E/o (—g[(ue -1y —u)ds — E/o (o, ue —u)ds
1t
< 1 +30E [ ues) = uo) s,
By passing to the limit as € — 0, thanks to Lemmas 5 and 7 and by setting t = T', we
get
T

T
E/ (A(v,-)—x,u—v)dsSE/ (p,u—Y)ds =0.
0 0

We are now in a position to use “Minty’s trick” [25, Lemma 2.13 p.35] and deduce
that A(u, -) = x.

So, the conclusion of this section is: under assumption Hy, there exists a unique
(u, p) € LP(27, V) x L9 (27, L (D)), both predictable, satisfying:

e ucl?*£2,C(0,T], H)NK and p <O0.
t t
e Foranyt € [0, T]: u(z) —+—/ (A(u, )+ p — fds =uop +/ G(u, )dW(s).
0 0
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e The first part of Lewy—Stampacchia’s inequality holds:
0 (u —/ G, )dW)+Aw,)— f=—p >0 in L9 (27 x D).
0
e (p,u—1y)=0ae.in 27 and, forany v € K, (p,u —v) > 0 a.e. in £27.

3.2 The second Lewy-Stampacchia’s inequality with a regular h~

The aim of this subsection is to prove the second part of Lewy—Stampacchia’s inequal-
ity. For this, we used an idea inspired by [9]. Let u be the unique solution of Sect. 3.1
and denote by K the closed convex set

Ki={vel?’(Q27,V), v<u ae.inD x 27}

We recall that u satisfies
(f+h_)—3z(“—/ Gu, YdW)—A(u, )=h"+p, p <0, peLi(Qr x D).
0

Consider the following auxiliary problem: (z, v) € LP (27, V) x Lq,(.QT, Lq,(D)),
predictable, such that

i)zeL*,C(0,T], H)), z(0)=uy and ze€ K,
ii)v>0, (v,z—u)=0and Vv € Ky, (v,z—v) >0, a.e.in £27.
iii.) P-a.s. and forany r € [0, T'] :

t t t t
z(1) +/ vds +/ A(z, )ds = ug +/ G(z,)dW(s) +f (f +h")ds.

0 0 0 0
12)
Note that the result of existence and uniqueness of the solution (z, v) can be proved
either by noting that (—z, —v) is the solution to the above problem with data: f =
?f - h_a G(U, ) = —G(—U, ')s A(Uv ) = _A(_Ua ')7 1// = —Uu, h+ = —p and
h™ = h~. This can also be obtained by cosmetic changes of what has been done in

Sect. 3.1, by passing to the limit in the following penalized problem:

t

~ t ~
Ze(t)+/ (A(Ze,-)+é[(Ze—u)+]q_1—(f+h_))dS=uo+[ G(ze, )dW (s)
0

0
2e(0) = uo,

where é(ze, 2 = G(min(ze, u), +).
Moreover, 3,(z—/ G(z,)dW)+ Az, )—(f+h)=—v <0 in L‘;,(QT x D)

0
and z satisfies the following Lewy—Stampacchia’s inequality:
d(z —/ G(z,)dW) + A(z,) — f <h™ in L9 (27 x D).
0
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We know already that z < u and our aim is now to prove that z = u. For that, it is
sufficient to prove that z > 1. Indeed, let us assume for a moment that z > i, then

(pou—z)=(p,u=v)+({p. ¥ —2)=(p, ¥ —2) = 0.

Thus we have (v,z —u) =0and (p —v,u —z) = (p,u —z) + (v,z —u) > 0.
Therefore, applying Ito’s energy to

t

t
u(t) —z(t) + / 0 —vds + / Au, ) — Az, )ds
0 0

t t
= / G, )—G(z,)dW(s) — / h~ds.
0 0

yields for any ¢ € [0, T']

t t
%II(M—Z)(t)II%poO (A, ) — AG. o —2) ds+f<p—v,u—z>ds

0

(A7 1d+A is T-monotone)>—At ||ufz||%,

>0
t

+ f(h_, u—z)ds

H
(u>z) >0
t 1 t
=f (G, ") — Gz, NAW (), u —z) + —/ G, ) — Gz ) hds.

0 2 Jo

By similar arguments leading to (3), we conclude that u = z.
To conclude this subsection, we need to prove that z > .
We know thatu > ¢ sothatu —z=(u—2)" > (Y —z)Tandu > z+ (Y — )T =
z+@—v¥)".
Usingv =z+ (z —¢¥)~ € K in (12)[ii.] yields (v, (z — ¥)7) < 0.
We have

t t
z(t) — (1) + / v —htds + / Az, ") — A, )ds
0 0
t
=uo — ¥ (0) + /0 G(z,) =G, )dW(s).
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As in the proof of Lemma 3, consider ¢s(v) = / Fs(v(x))dx and S = {z < v}
D
Applying Ito’s formula [20, Th. 5.3 p. 78] to the process z — v, one gets: V¢ € [0, T']

t
o5(2(0) — (1) +/O (A2, ) — AW, ), Fl(z — ¥))ds
=0

t
+/0 (v — I+, Fj(z — y)ds — oy(ao — 9 (0)

t
= /O(G(Z, )= G, )dW(s), Fi(z — ¥))

1 t
+5 /O I\ F{ @ = WIG . ) — G, )]Hds.

Note that

t SM t
/0 VE @ = IGG. ) = GO Nipds <= /0 lz(s) — ¥ ()3, Lsds
8M [!
ZT/ Iz = ¥)~ () [13,ds.
0

Taking the expectation and passing to the limit when § — 0,

e V1[0, T], Epsz() = v(®) — Elz =)~ 02,
t

t
J E/O (Az,) — AW, ), Fi(z — ¥))ds —> Efo (A(z,-) — A(Y, ), —2(z —

lﬁ)_)dst
= 2E [J(A(W, ) — Az, ), (W —2)T)ds

t
> 2 fo 1w — 2*Ids,
1 t
. E/ (v—ht, F{(z —¥))ds — —2E/ (v—ht, (=) )ds
0 0

t
= 2(E/ (B 2= 9)7) + (v, (2 — )7 )ds) = 0.
0

(thanks (12)[ii.]) >0

Those limits may be obtained by Lebesgue’s theorem and, for any ¢ € [0, T'] :

t
Ellz—y)" 0l SC/O Ell(z = ¥)™ ()l 3ds.

Finally, Gronwall’s lemma ensures that ¢y < z, and, as conclusion of this subsection,
we get z = u. Hence, u satisfies the second part of Lewy—Stampacchia’s inequality:

(u — / G, YdW)+ Au,)— f <h~ in L7 (27 x D).
0
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From Sects. 3.1 and 3.2, we deduce the following theorem.

Th~eorem2~Under Assumptions (Hy)—-(Hg) and assuming moreover that h~ €
L7 ($27, L7 (D)) is predictable, there exists a unique predictable stochastic process
(u, k) e LP(27,V) x L1 (27, L1 (D)) such that:

i. ue L*(2,C(0,T], H) N K, u(0) = uo.
ii. k<0andVv e K, (k,u —v) > 0a.e. in 27.
iii. P-a.s, forallt € [0,T],

' ' 1 '
u(t) +/ kds +/ A(u, )ds = ug +/ G(u,-)dW(s) +/ fds.
0 0 0 0
iv. The following Lewy—Stampacchia’s inequality holds:

0 <8 (u —/O.G(u, VW) + A, ) - f<h™ = (f—i?t(w —/O.G(lﬂ, HAW) — A, -)) .

3.3 Proof of the main theorem in the general case

First, we prove the following lemma which allows us to pass from the regular to the
general case.

3.3.1 Density result in the positive cone of the dual

Lemma 8 The positive cone of LP (27, V) N L*(27, L>(D)) is dense in the pos-
itive cone of LP (27, V'). Moreover; the positive cone of predictable elements of
LP(R27, V)N L*(27, L>(D)) is dense in the positive cone of predictable elements of
L (27, V).

By a truncation argument, the same result holds for the positive cone of L? (27, V)N
L? (27, LP (D)) (resp. predictable).

Proof Since the proof of the lemma is mainly based on monotone arguments, it is
similar to the one proposed in [13, Lemma 4.1] where one has just to add the predictable
assumption to the spaces of type L (0, 7', X) in [13, Lemma 4.1] if needed. O
3.3.2 Proof of Theorem 1

th h= € ~(LP/(.QT, V)T predictable. Thanks to Lemma 8, there exists h, €
L7 (27, L7 (D)) predictable and non negative such that

hy — h™ in LV (Q27,V').
Associated with £, denote the following f; by,
fo= 0w = [ GO W)+ A+ 1
—hy, ht e (LP (27, V')" predictable too.
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Note that f, € LY (27, V') is predictable and f,, converges strongly to f in
L” (27, V).

Denote by (u,, k) the sequence of solutions given by Theorem 2 where /™ is replaced
by h,,.

By Lewy—Stampacchia’s inequality, one has 0 < —k,, < h,,.

For any ¢ € L? (21, V), it holds that

T T T
E/ |<kn,¢>|dssE/ <—kn,¢+>ds+E/ (ks g )ds
0 0 0

T T
sE/ <hn,w+>ds+Ef (. 9™ )ds
0 0

< 2|lhy ”Lp/(_QT’V/) ”QO”L/’(QT,V)-

Since (h,), converges to & in L”,(.QT, V'), one gets that (h,), is bounded inde-
pendently of n in L? (27, V') and therefore (ky), is bounded independently of n in
LP (27, V).

Let n € N* and applying Ito’s energy formula to the process u,, one gets for any
te[0,T]

t

1 4 1 4
Ellun(f)ll%{ﬂL/(; (Altn, ), n)ds =5||uo||%,+f0 <—kn,un>ds+/0 o ) ds

t t
+f (G(un,-)dW(S),un)+l/ |G(una')|2QdS~
0 2 Jo

Since f, converges to f in LP/(.QT, V"), it holds that ( f,), is bounded independently
of nin L? (27, V'). Therefore, by Young’s inequality, we get

T T
o P P
E/O [ = ks n)lds < EE/O len Ny ds + Cllfu =kl
By Burkholder-Davis—Gundy’s inequality and Young’s inequality, there exists § >
0 such that

! 35
E|: sup | (G(un,~)dW(S),un)|:| =5 E sup lun ()1
ref0,71 Jo 1€[0,T1

3IM

T
3
2
+ EE/O lun ()7 ds + %”l“Ll(QT)'

With a convenient choice of § (e.g. § = JT) and using Hj 1, H3 2, one deduces

T

T
E sup ||un(r>||%,+Ef ||un(s)||’;dssca+E/ sup [lun (2)1%ds).
t€[0,T] 0 0 7€[0,s]
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By using Gronwall’s lemma, one concludes that (u,), is bounded in L? (27, V) N
L2(£2, L>(0, T, H)).
Now, we present the following lemma about the strong convergence of (uy);.

Lemma9 (u,), is a Cauchy sequence in the space LZ(.Q, C([0,T], H)).

Proof Letm,n € N* and € > 0. For any 7 € [0, T] and P-a.s, we have

t t
un(t) - um(t) +/ (kn - km)ds + / (A(unv ) - A(”mv ))dS
0 0
t t
_ /0 (G, ) — Glutm, AW (s) + fo (fu — fuds.

Applying Ito’s energy formula, one gets for any ¢ € [0, T'],
1 ’ !
§||(un —um) Oy +/ (A(un, ) — Alum, ), up — upm)ds
0
' '
= _/ (kp — ki, un — um)ds +/ (fn = fm> un — umdds
0 0

t
+/ (G(up, ) — GQupm, NAW(s), up — up) + % |G (up, ) — G(up, )|2st
0 0

Similarly to the proof of Lemma 1, one deduces

E sup |[(un —un))y < Cllfa = finll ooy vy ltn = tmllLocr v)-
t€l0,T]

Since f;, converges strongly to f in LY (27, V') and (u,,),, is bounded in L? (27, V),
it holds that

T
E/ (fuo = Sfm>ttn —um)ds < || frn — fm”Lp’(QT’V/)”Mn - um”L”(QT,V) < Ce,
0

for big values of n and m. Therefore (u,), is a Cauchy sequence in the space
L*(2,C([0, T, H). o

Since (u,), is bounded sequence in L (27, V) of predictable processes, Remark 1
and Hp 3 yield that (A(u,, -)), is a bounded sequence in L”,(.QT, V') of predictable
processes.

By compactness with respect to the weak topology in the spaces L? (27, V) and
LP (27, V'), there existu € LP (27, V), x € LP (27, V') and k € L? (27, V'),
each one being predictable, such that (up to sub-sequences denoted by the same way)

u,—u in LP(2r,V), (13)
Ay, )=x in LP'(27,V), (14)
ky—k in LP(Q27,V). (15)
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Thanks to Lemma 9, we have the strong convergence of u,, to u in L2(.Q, C([0,T1, H))
thus in L2(27, L*(D)) and u € N30, T, H).

Since (—k,) € (L (27, V)" and —k,—k in L? (27, V'), we deduce that —k €
(LP' (27, V) T. Indeed, let ¢ € LP (27, V), ¢ > 0 then

T T
E/ (—k, p)ds = lim E/ (—kn, p)ds > 0.
0 0

n—0o0

Remark 9 (Initial condition and constraint).

e Since u, converges to u in Lz(.Q, C([0, T1, H)) with u,(0) = ug, one has that
u(0) = uyg.
e Since K is a closed convex subset of L? (27, V), itholds thatu € K.

Similarly to the proof of Lemma 6, one gets

'/. Gy, )dW(s) — / G(u, )dW(s) in L*(£2,C([0, T, H)) when n — oo.
0 0

So, at the limit, we have a.s. and for any ¢ € [0, T']

! t ! !
u(t)—i—/ kds+/ xds :uo—l—/ G(u,-)dW(s)—i—/ fds.
0 0 0 0

For any n € N*, we have a.s. and for any ¢ € [0, T']
t t t t
un (1) +/ knds +/ Aup, )ds = ug +/ G(uy, -)dW(s) +/ Juds.
0 0 0 0

Note that (A(u, ) — x) + (kn —k) 4+ (f — f) € LP (27, V') is predictable and
t
/ (G(up, ) — G(u,-))dW(s) is a square integrable F; —martingale. We can apply
0

1
Ito’s formula [20, Theorem 4.2 p. 65] to the process u;, — u with F(v) = 3 ||v||12LI to
get

1 t t
zll(un — )OIy +/0 (A(up, -) = X, un —u)ds +/0 (kn — k, upn — u)ds

11 (1) (1)

1 1 t
= [ (G = G W) =)+ 5 [ 16w~ Gl s
0 2 Jo

I3(1)

r
+f (fu— fup —u)ds.
0
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Thanks to Lemma 7, {(k,, u, — ¥) = 0 and one has

(kp —k,up —u) = (ky, up —u) — (k, up — u)
= (kn,up — V) +kn, U —u) — (k,up —u) = (ky, ¥ —u) — (k, uy —u).

Therefore

—0

T

T T
E/ (kn—k,un—u)ds=E/ (kn,w—u)ds—E/ (k,u, —u)ds
0 0 0

T
—>E/ (k, v —u)ds > 0.
0

Since f,, converges strongly to f in L”/(.QT, V"), (13) ensures that E(I3(T)) — O.
Similarly to the last part of Sect. 3.1, one has: E(I{(¢)) = 0, E(I>(T)) — 0 and, for
any v € LP (27, V) N L2(2,C([0, T1, H)),

T T
E/ (k,w—u)ds—i—E/ (A(v, ) — x,u — v)ds < 0. (16)
0 0

T
By setting v = u in (16), one has E/ (k, ¥ —u)ds <0.
0

T
Therefore E/ (k, v —u)ds = 0.
0

Since —k € (L”/(.QT, V)T, —k(t,w) € (V)T ae.in 27. ¢
Hence, (k(s, ), ¥ —u) > 0 and (k(s, w), ¥y —u) =0 a.e.in 7.
T

By (16), we get E/ (A(v, ) — x,u —v)ds < 0, then, using “Minty trick” one

concludes that x = 12(14, 4.

Letv € K, then a.e. 27, we have (k,u —v) = (k,u — ) + (k, ¥ —v) > 0.
We deduce the existence result of Theorem 1 for general f. At last, Lewy—
Stampacchia’s inequality is a consequence of the passage to the limit in the one satisfied
by u,,.
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4 Examples of numerical illustrations

Consider the following problem:

du — auyxxds + kds = fds +oudW in 10, 1[x£2x]0, 1],

ut=0)=uy>0 in L2(0, 1), a.s.,

u=>0 in [0,1] x £2 x [0, 1], (17)
u@,1) =u(l,t) =0 on £2 x[0,1],

(k,u) =0 and kK <0 in £ x[0,1]

where @ > 0,0 € R and f is a smooth function. By [23, Thm 5] or the above Theo-
rem 1, there exists a unique solution (u, k) to Problem (17) in the sense of Definition 2
with p = 2 and D =]0, 1[. Moreover, The following Lewy—Stampacchia’s inequality
holds

OSB,(M—G/O udW)—auxx—fgh’zf*,

Note that thanks to Remark 3, this basic situation of a constraint of positivity with a
vanishing stochastic reaction term at O can be an illustration of a more general situation.

In this section, we propose some numerical illustrations of the solution of the
obstacle problem (17) and, at the same time, we compare them to the numerical
solution of the free problem i.e the stochastic heat equation when the constraint u > 0
is ignored.
To the best of the author’s knowledge, there doesn’t exist in the literature numerical
studies of stochastic obstacle problems. Inspired by previous sections, our aim is to
present some numerical illustrations of the stochastic obstacle problem (17) via a
penalty method, i.e. an approximation by the family (P ).~¢ of penalized problems:

t
e(t)—/ (ous, + (uE) ]+f)dv—uo+of u€(s)dw(s)
0

Fe: 1 ue0) =uo,
u€0,t) =u¢(1,t) =0 on £ x[0,1].

(18)

For that, one needs a suitable choice of the small parameter € compatible with the
space and time discretization steps.

1
Let us denote by Ar = N the time step of the uniform discretization of the time-

1
interval [0, 1], {tg, - - - , t5} are the points of this discretization. Similarly, Ax = m

is the uniform space step discretization of the space-interval [0, 1] and {xo, - - - , xps}
are the points of the space discretization. Then, following what is usually done in the
deterministic case (see e.g. [26]), one sets € = At = (Ax)? to ensure the convergence
of the scheme (19) below to the solution of (17).

Denote by U I the approximate solutions at time #;, computed at x ; ;7 when Uj is given
by the initial cond1t10n via Uy = {uog(x1), - -, uo(xp—1)}.
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Fig. 1 Pathwise trajectory atx = 0.1
1
——g10C hostic-Obstoc ke at x«05
( ul - =shochostcfree at x=05

) 01 02 03 04 05 06 07 08 09 1
Time

Fig.2 Pathwise trajectory at x = 0.5

We consider the following approximate discretized problem obtained via a penalty
method, a stochastic “Saul’yev scheme” (see [12]) i.e

. 1 i . i1 O'Uj_
U/ =m(ﬂv,?j +(1=BU.  +BU/ ™+ 1#;31(W(”)‘W(”—‘)
At At P
— f(ti—1,xi))+—U! H)~, 1<j<M-1, 1<i<N,
4 | +1+'3f(11x])+€(1+'8)( 1_1) =)= =1 =
Uj =uo(xj), 1<j<M-1
vl=uMt'=0, 0<i<N,

19
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0od « 1o caterminstic-free at x=05
084

Time

Fig.3 Mean of 5000 samples paths and deterministic solution at x = 0.5 for the heat equation

\ — Meanobsiacike at x=0 5
\ e oo determinstic-obsiocke at x«05
094

Time

Fig.4 Mean of 5000 samples paths and deterministic solution at x = 0.5 with the constraint

At
where f = 0 ——.
(Ax)?
The numerical simulations of Figs. 1, 2, 3, and 4 are implemented with the free
software Scilab and the following data: up(x) = sin(wx), o = 1, f(x,t,0) =

3cos(dnt),oc =2, N =900 and M = 30.

o In the first two figures, we present pathwise trajectories of the penalized problem
(19) in full line and of the free stochastic problem (without the penalization-term)
in dotted-line. Fig. 1 represents the simulation at point x = 0.1, close to the
boundary, and Fig. 2 at point x = 0.5 in the middle of the domain.

One can see that, as expected, the trajectories of the free and obstacle problems
are the same before the first time-contact with the obstacle. When the constraint is
active for Problem (19), the solution is equal to the constraint 0, else it is positive.
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o In the last two figures, we present the simulation of the deterministic problem (i.e.

when o = 0) in dotted-line and the mean of 5000 trajectories of the stochastic
problem in full line. Figure 3 represents the simulations of the problem without
constraint and Fig. 4 is concerned by Problem (19).
As expected for the linear heat equation (case of Fig. 3), the mean of the stochastic
paths coincides with the solution to the deterministic problem. The situation is
slithy different for the problem with constraint. Indeed, even if the constraint is
deterministic, the penalization, and the Lagrange multiplier at the limit, induces a
non linear term. Thus, the mean and the deterministic solution may differ.

Acknowledgements The authors would like to thank IFCAM: Indo-French Center in Applied Mathematics
(UMI CNRS 3494). The authors would like also to thank the anonymous referees for their help in improving
our work.

5 Appendix
5.1 It6’s formula with non-nul trace on the boundary

We are interested in this subsection in replacing the assumption ¢ € L (§27, V) of
Hy by ¥ € LP(27, WhP(D) N L2(D)) N L™PP)(2, C([0, T1, L*(D))) with a
non-positive trace on the boundary.? This situation appears for example if A is a Leray—
Lions type differential operator of the form A(u,t, w) = —div(a(t, w, x, Vu)) +
b(t, w, x, u) that can be defined on 27 x Wh?(D) N L?(D) with values in V’ by:
(t,w) € 27 a.e.,

(A(u, t, w), v) =/ a(t,w, x, Vu)Vvdx—i—/ b(t,w,x,u)vdx, YveV.
D D

In order to be able to follow the same steps of our demonstration, only two major
points need to be adapted: the first one is in the proof of Lemma 2 where choosing
v* = 1 is not possible anymore; the second one is in the proof of Lemma 3 since, in
this new situation, u — 1 is not with values in V anymore and the classical 1t6 formula
no longer applies. The other modifications are minor ones based on embeddings of V
into some Lebesgue’s spaces that still hold when replacing W(}’p (D) by Wh-P(D).
Concerning the question of v*, one can chose for it the solution to the problem

a,[v* — /O G ", -)dW] — A = a,[w — fo G, ~)dW] A =]

associated with Dirichlet boundary conditions, v*(0) = ¥ (0) and where, by assump-
tion f is a predictable process in L? (27, V'). v* exists with the convenient regularity
and one still need to prove that v* > ¥ to have it in K and use it in the proof. This is

3 Note that the pathwise continuity assumption can be implicit thanks to arguments similar to [13, Lemma
4.7].
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achieved by applying formally It6’s formula to the process (v* — )~ where
dW* =) = [Apv* — Apyldt =[G, ) = G, )dW.

The question related to Lemma 3 is similar since the proof is based on the possibility
to apply Itd’s formula to the process (ue — 1)~ where

1 -
d(ue — ) + [A(ue, -) — Ay, )]dt — ;[(ue — )1 ar
= hdt + [G(uc, ) — Gy, )]dW. (20)

In both situation, one has a predictable process X, being v* — ¥ in the first case and
ue — ¥ is the second one, with values in W7 (D) N L%(D) and not a priori V, such
that dX + Adt = GdW where A is with values in V' and G in LQ(LZ(D)). This
is not a classical situation and Itd’s formula associated with the negative-part should
apply since X has a positive trace on the boundary of D and thus X~ is with values
inV.

For any positive integer n, denote by @, the function x — min(1, nd(x, dD)). This
is a sequence of bounded 1-Lipschitz continuous functions that converges a.e. to 1 in
D. Thus, for any u € W7 (D) N L*(D), the product u®,, is in V and if moreover u
belongs to V, then u®,, converges tou in V.

Indeed, convergences of u®,, to u in L? (D) N L?(D) and @, Vu to Vu in L? (D) are
just applications of Lebesgue Theorem, and

uvV®, = nuvd(., 8D)1{0<d(,’3D)<%},

|ul

UV Pl = nlullio_g¢ ypy<1y = ml{oq(-,wk%}’

and uV®,, tends to 0 in L? (D) since, by Hardy’s inequality, m isin L?P (D).
Since the product @, A for Ain V'isg € V > (A, ®,¢), one gets that

dXP, + ®,Adt = ©,GdW

with now X @, with values in V so that Itd’s formula is applicable, in particular with
the function F; introduced in (5). Thus, with the notations of the proof of Lemma 3

t
o5 (XB) + / (A, B F)(X®y))ds
0

t t
=/ q)nGFg(Xq)n)dW+%/ Tr(F§(X®){®,G}0{®,G}*)ds.
0 0

Note that F5(X®,) = F5(—X~®,) and since X~ is in V, passing to the limit in n
is possible. Thus, the desired Itd formula is proved for X and Theorem 1 holds when
one assumes that the obstacle may have a non-positive value on the boundary of D.
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5.2 On bilateral problems

We are interested in this subsection in saying few words about the situation of double
obstacles problems. First, let us precise assumptions on obstacles.

Hj : 9, ¥ satisfy Hy with o > ¢ ae.in: D x Q7.
HS : Assumption Hs is satisfied by both obstacles v; i =1, 2:

o= bt =7 = £ = (v = [ Gl 9aw) = A

with the associated regularity information.
Hz : u satisfies the constraints, i.e. ¥2(0) > ug > 1 (0).
HY :hy, h;’ are predictable non negative elements of L‘?/(.QT, L‘;/(D)).

The convex set of admissible functions becomes

K)?={veLll(Qr. V), y1(x.t,0) <v@.1,0) < ya(x.t.0) aein D x 27},

and note that K:/ff is not empty since ¥; € K$12’ i=1,2.

The idea is to follow the same strategy than the one used in the one obstacle case. In
other words, we consider the same assumptions on the operator A, the multiplicative
noise G and update the other assumptions. The corresponding penalized problem is

d 1 . 1 5
uet) + /0 (At ) = e = 1+ e — )7 = rds
‘L @1)
— o + f G e, YAW (s)
0

ue(0) = uo,

where G (Ue, -) = G(max(min(u,, ¥2), ¥1), -), which satisfies properties similar to
G and behaves formally as an additive stochastic source on the free-set where the
constraints are violated.

By cosmetic changes of what has been done in Sect. 3 and by noticing that the penalized
term is the sum of two parts with disjoint supports, one can prove the boundedness
of the two parts of penalized terms independently. Then, passing to the limit in (21)
to prove the existence of a solution. Finally, we can prove the two parts of Lewy—
Stampacchia inequalities independently by adapting the arguments used in Sect. 3.2;
and the one of the proof of Lemma 1 to get the uniqueness result. Thus, one gets

Theorem 3 Under Assumptions (H{ )—(H3) and (H;“, i=4,5,6,7), there exists a unique

prfdicl‘able~ stochastic process (u, p1, p2) € LP(£21,V) X Lq,(.QT, L‘T(D)) X
L9 (827, LY (D)) such that:

i, ue L(82,C(0, T1, H) N K2, u(0) = uo.
ii. —p1.p2=0andVv € K, (pj.u—v) 20, i=12ae. inQr.
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iii. P-a.s, forallt € [0,T],

.

t

t t t
u(t) +/ (p1 + p2)ds +f A(u, )ds = ug +/ G(u, - )dW(s) +/ fds.
0 0 0 0

The following Lewy—Stampacchia’s inequality holds:

: +
—hy = — (f — 0 (2 — /0 G (Y2, )dW) — A(Y2, ')>

IA

o (u — [ G, )dW)+Aw,-)— f
0

=hy = <f — 9 (Y1 — /O.G(l/fl, NdW) — A, ~)>

The reader interested in relaxing Assumption H3 could be inspired by the strategy of
[18], for example.
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